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Free boundary regularity for 
harmonic measures and Poisson kernels 

By Carlos E. Kenig and Tatiana Toro* 
1. Introduction 

One of the basic aims of this paper is to study the relationship between the 
geometry of "hypersurface like" subsets of Euclidean space and the properties 
of the measures they support. In this context we show that certain doubling 
properties of a measure determine the geometry of its support. A Radon 
measure is said to be doubling with constant C if C times the measure of 
the ball of radius r centered on the support is greater than the measure of 
the ball of radius 2r and the same center. We prove that if the doubling 
constant of a measure on R""*"^ is close to the doubling constant of the n- 
dimensional Lebesgue measure then its support is well approximated by n- 
dimensional affine spaces, provided that the support is relatively flat to start 
with. Primarily we consider sets which are boundaries of domains in R"'*'^. 
The n-dimensional Hausdorff measure may not be defined on the boundary of 
a domain in R"^^. Thus we turn our attention to the harmonic measure which 
is well behaved under minor assumptions (see Section 3). We obtain a new 
characterization of locally flat domains in terms of the doubling properties 
of their harmonic measure (see Section 3). Along these lines we investigate 
how the "weak" regularity of the Poisson kernel of a domain determines the 
geometry of its boundary. Sections 5 and 6 pursue this goal, as in Alt and 
Caffarelli's work (see [AC], [CI], [C2]), and also Jerison's [J]. In both cases the 
goal is to prove that, under the appropriate technical conditions at "flat points" 
of the boundary, the oscillation of the Poisson kernel controls the oscillation 
of the unit normal vector. The difference between our work and the work in 
[AC] is that we measure the oscillation in an integral sense (BMO estimates) 
while they do so in a pointwise sense (Holder estimates). 

In [KTl] we studied a boundary regularity problem. Namely, we proved 
that if the boundary of a domain $7 C R""*"^ can be well approximated by 
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n-dimensional affine spaces then the harmonic measure behaves hke the n- 
dimensional Lebesgue measure from a doubhng point of view. We also showed 
that if the unit normal vector to d^l has small mean oscillation then so does 
the logarithm of the Poisson kernel. The results discussed in this paper pro- 
vide answers to the corresponding free boundary regularity problems (i.e. the 
converse problems). In our context the doubling character of a measure or the 
mean oscillation of the logarithm of its density, and the flatness of a set or the 
mean oscillation of its unit normal vector replace stronger notions of regularity. 

We now introduce formally the notions of doubling and flatness and sketch 
briefly the contents of each section of the paper. 

Definition 1.1. Let S C R"^^ be a locally compact set, and let 6 > 0. 
We say that S is 5-Reifenberg flat if for each compact set K C R""*"^, there 
exists Rk > such that for every Q e K D and every r G (0, Rk] there 
exists an n-dimensional plane L(r, Q) containing Q such that 

(1.1) -D[J: n Bir, Q),L{r, Q) n B{r, Q)] < S. 
r 

Here B{r,Q) denotes the (n + l)-dimensional ball of radius r and center Q, 
and D denotes the Hausdorff distance. 

RecaU that for A,B c R''+\ 

D[A,B] = max {sup{d(a, B) : ae A}, sup{d{b,A) : b G B}}. 

Thus D[A, B] < 5 is equivalent to A C {B; S) and B C {A; S), where for a set 
A C R'^+S {A; 6) denotes the 5 neighborhood of A. Note that the previous 
definition is only significant for 6 > small. Thus we assume that 6 G (0, j^) 
whenever we talk about 5-Reifenberg flat sets. The relevance of the constant 
will become clear in the proof of Theorem 2.1. 

We let 

(1.2) e{r, Q) = inf | -^D[T. n B{r, Q),Ln B{r, g)]| , 

where the inflmum is taken over all n-planes containing Q. Our work requires 
uniform control of several quantities on compact sets; thus for each compact 
set K C R"+^ we define 

(1.3) eK{r)= sup e{r,Q). 

This notion was initially introduced by Reifenberg who proved the following 
remarkable theorem: 

Theorem ([Mo], [R]). There exists S > depending only on n so that if 
S is S -Reifenberg flat then locally T, is a topological disc. 
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From his proof it is easy to see that the embedding is tame; that is, the 
local homeomorphism constructed extends to a local homeomorphism of a 
tubular neighborhood of S (see [T]). Moreover the proof also shows that this 
homeomorphism yields a local Holder parametrization for S. Thus there exists 
(5 G (0, 1) depending on 5 such that S is a C^'^ n-dimensional submanifold. 
Furthermore (3 tends to 1 as 5 approaches 0. 

Definition 1.2. When E C R"^^, we say that S is Reifenberg flat with 
vanishing constant if it is (5-Reifenberg flat for some 6 G (0, and for each 

compact set K c R"+^ 

lim exir) = 0. 

r— >0 



Remark. Consider (p : R" — R, G A*, the little-o Zygmund class 
(see [St] for a definition). Then graph (^9 = {{x,t) G R""*"^ : t = ^{x)} is 
Reifenberg flat with vanishing constant. In fact ip is well approximated by 
affine functions, and therefore its graph is well approximated by n-planes. On 
the other hand there are examples (see [Z]) of such functions ip which are almost 
nowhere differentiable (note, for instance that : R — > R deflned by (p{x) = 
J2k>i '^"^f^"* belongs to A*, is continuous and almost nowhere differentiable). 
Thus graph does not admit a tangent plane almost everywhere, and hence 
graph ip is not rectiflable (see [Si] for a deflnition) . 

Definition 1.3. Let /U be a Radon measure on R""*"^. We say that is 
a doubling measure if for each compact set K C R""*"^, there exist constants 
C = Ck > 1 and Rk > so that for every Q G spt jjiCiK and every r G (0, Rk] 

li{B{2r,Q))<Ci^{B{r,Q)). 



Here spt /x denotes the support of the measure fi. We now quantify further the 
doubling character of a Radon measure. 

Definition 1.4. Let /x be a doubling Radon measure in R'*"'"^, and let 
£ > 0. We say that fx is e- approximately optimally doubling if for each compact 
set K C R"+\ and for each r G (0, 1) there exists R = R{t,K) > so that 
for r G (0, R], and Q G n spt /U 



l + £ - ii{B{r,Q)) 



Notation. For a, 6 G (0, oo), and £ > we write 

a ~ 6 if and only if — ^ — < ^ < 1 + e. 
£ l+£~ b~ 
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Definition 1.5. Let be a doubling Radon measure in R"^^. We say 
that fi is asymptotically optimally doubling if for each compact set K C R""^"*^ 
such that K fl spt 7^ 0, and for each r G (0, 1] 

inf '"fir Q» = l.m .up ^^^^ = r'. 

r-*OQeKnsptn ji{B{r,Q)) r^OQeKi^svtn tJ'{B{r,Q)) 



Definition 1.6. A measure ^ in R"^^ is said to be Ahlfors regular if there 
exists C > 1 such that for Q £ spt fi and r G (0, diam spt //) 

Definition 1.7. A nonzero Radon measure u in R"^^ is called a uniform 
measure if there exists C > such that for every Q G spt v, and every r G 
(0,00) 

K5(r,Q)) = Cr". 



In Section 2 we show that if /j, is an e-approximatcly optimally doTibling 
measure in R"+^ (with e small) whose support E is 5-Reifenberg flat then S 
is a C^'/^ n-dimensional submanifold for some /? > that only depends on n 
and e. In Section 2 we also prove the following theorem (see Theorem 2.1): 

Theorem. Let /x be an asymptotically optimally doubling measure. Then 

its support E C R""*"^ is also Reifenberg flat with vanishing constant ifn = 1,2 
and if n > 3 and E is S-Reifenberg flat, then E is also Reifenberg flat with 
vanishing constant. 

For n > 3 the extra assumption of E being 5-Rcifenberg flat is in fact 
needed; see [KP] and Proposition 3.1. To prove these results we introduce the 
notion of pseudo-tangent measure (see Definition 2.2). We then prove that the 
pseudo-tangent measures of an asymptotically optimally doubling measure are 
uniform (see Theorem 2.2). Kowalski and Preiss (see [KP]) showed that the 
support of a uniform measure is cither a plane, or a cone (only if n > 3). The 
assumption that E is 5-Reifenberg flat allows us to rule out the cone. This is 
enough to conclude that E is Reifenberg flat with vanishing constant. 

Remark. David and Semmes (see [DS, Part III, Ch. 5]) looked at the rela- 
tionship between the doubling properties of an Ahlfors regular measure and the 
regularity of its support. Their doubling condition involves a comparison with 
the Lebesgue measure in a large set of points. Under their assumptions one 
concludes that the support is uniformly rectifiable. Note that since Reifenberg 
flat sets with vanishing constant are not rectifiable in general, their results do 
not apply in this setting. 
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In Section 3 we study the special case when n is the harmonic measure of 
a domain and spt /x = dO,. We show that if C R""^^ is a domain with the 
separation property (see Definition 1.9 below), whose boundary is (5-Reifenberg 
flat (this condition is only necessary if n > 3) then dQ is Reifenberg flat with 
vanishing constant if and only if its harmonic measure is asymptotically opti- 
mally doubling (here we use the results in [KTl] for the only if direction). We 
also give examples of domains in R""*"^, for n > 3, which are not (5-Reifenberg 
flat but whose harmonic measure is uniform, and hence asymptotically opti- 
mally doubling. 

In order to state the main results in Sections 4, 5 and 6 we need to define 
the space YMO{dn) for n c R"+\ a set of locally finite perimeter (see [EG] 
for a precise definition) whose boundary is Ahlfors regular (i.e. the surface 
measure a of dU is Ahlfors regular) . Moreover we need to introduce the notion 

of the "separation property." 

Definition 1.8. Let 17 C R"^^ be a set of locally finite perimeter whose 
boundary is Ahlfors regular. For / G Lf^^{da) we say that / G VM0(50) if 
for each compact set K C 

hm sup \\fUBir,Q)) = 0, 
'■^0 QedQnK 

where 

||/||,(i?(r,g)) = (sup / / \f - fs,Q\'da)\ 
^0<s<r cr(A(s, Q)) Ja(s,Q) ' 

A(s, Q) = dQ n B{s, Q), and a = L dO, denotes the surface measure of the 
boundary. 

Definition 1.9. Let Q, C R""*""*^. Wc say that has the separation property 
if for each compact set K C R"""*"^ there exists R > such that for Q G dO,nK 
and r G (0, R] there exists an n-dimensional plane C{r, Q) containing Q and a 
choice of unit normal vector to C{r,Q), 'nr,Q satisfying 

r+(r, Q)={X = (x, t)=x + tlir,Q G B{r, Q) : x G £(r, Q), t > ^r} C 
and 

T-{r,Q) = {X = {x,t) =x + tlir,Q G B{r,Q) : x G C{r,Q), t < ~r} C Q,". 

Moreover if O is an unbounded domain we also require that YC+\drL divide 
j^n+i -j^^Q distinct connected components f2 and int ^ 0. 

The notation {x,t) = x + tl%r,Q is used to denote a point in R""^-*^. The 
first component, x, of the pair belongs to an n-dimensional affine space whose 
unit normal vector is 'nr,Q- The second component t belongs to R. From the 
context it will always be clear what affine hyperplane x belongs to, and what 
the orientation of the unit normal vector is. 
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Remark 1.1. The separation property required in this definition seems 
shghtly stronger than the one used in [KTl]. Nevertheless a similar argument 
to the one used in the proof of Proposition 2.2 in [KTl] guarantees that the two 
definitions are equivalent provided that dO, is a (5-Reifenberg flat set, for S small 
enough. Moreover it was noted in [KTl] that without loss of generality we could 
assume that jO,{r, Q) = L{r, Q), where L(r, Q) is taken as in Definition 1.1. In 
particular we obtain that 

{X = {x,t) = x + tlir,Q G B{r, Q) :x e L{r, Q), t > 25r} C 

and 

{X = {x,t) =x + tlir,Q G B{r, Q) -.x £ L{r, Q), t < -2Sr} C n''. 

It was also shown in [KTl] that there exists 6n < a small constant depend- 
ing only on the dimension n, such that a domain with the separation property, 
whose boundary is a (5-Reifenberg flat set, with S G (0, (5„) is an NTA domain. 

Definition 1.10. Let S G (0, (5n), and 9, c R"+^. We say that J2 is a 
5-Reifenberg flat domain or a Reifenberg flat domain if Q has the separation 
property and dQ is S- Reifenberg flat. Moreover if n is an unbounded domain 
we also require that 

sup sup 6{r,Q) < Sn- 

r>0 QedQ 

When we consider (5-Reifenberg flat domains in R"+^ we assume that 
6 G (0, 5n), in order to insure that we are working on NTA domains. On the 
other hand when discussing (5-Reifenberg flat sets it is enough to assume that 

Definition 1.11. Let (5 G (0, (5„). A set of locally finite perimeter CI (see 

[EG]) is said to be a 6- chord arc domain or a chord arc domain with small 
constant if is a (5-Rcifcnbcrg flat domain, dQ is Ahlfors regular and for each 
compact set K C R"^^ there exists R > so that 

sup \\li\\4B{R,Q)) <5. 
QedCinK 

Here n denotes the unit normal vector to the boundary. 

We only use the notation (5-Reifenberg flat domain or (5-chord arc domain 
when we want to emphasize the dependence on S; otherwise we simply refer to 
them as Reifenberg flat domains or chord arc domains with small constant. 

In Section 4 we provide some new characterizations of chord arc do- 
mains with small (enough) constant in terms of the properties of the sur- 
face measure of the boundary. In Sections 5 and 6 we provide a character- 
ization of chord arc domains with small (enough) constant in terms of the 
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doubling properties of their harmonic measure and the oscillation of the log- 
arithm of the corresponding Poisson kernel. Let $7 be a chord arc domain 
with small (enough) constant, and X Q; then the harmonic measure with 
pole at X, ll)^ (see Section 3 for a definition), and a are mutually abso- 
lutely continuous. The Radon-Nikodym theorem insures that the Poisson 
kernel kxiQ) = ^(Q) = ^^^(Q) G LlM'^)- Here G(X, -) denotes 
the Green's function of U with pole at X and ^ denotes the normal derivative 
at the boundary. We prove that if lj'^ is asymptotically optimally doubling 
and logkx has vanishing mean oscillation then the unit normal vector to di} 
also has vanishing mean oscillation (i.e. f2 is a chord arc domain with vanish- 
ing constant; see Definition 4.1). Jerison's paper [J] introduced this endpoint 
problem, but treated it under more restrictive assumptions, namely that the 
boundary is given locally as a Lipschitz graph, and that the normal derivative 
data is continuous as opposed to having vanishing mean oscillation. His paper 
is based on the work of Jerison-Kenig [JK2] and Alt-Caffarelli [AC]. There is 
an error in Lemma 4 of Jerison's paper. Nevertheless we still make considerable 
use of the ideas in [J]. 

It is interesting to compare our result with the following one by Alt and 
Caffarelli [AC]. In both cases the oscillation of the logarithm of the Poisson 
kernel controls the oscillation of the unit normal. 

Theorem ([AC]). Assume that: 

1. O C R""*"^ is a set of locally finite perimeter whose boundary is Ahlfors 
regular; 

2. Cl C R""*"^ is a 6-Reifenberg flat domain for some S > small enough; 

3. log A:x e C^'^ for some (3 G (0, 1). 

Then Q is a C^'°' domain for some a £ (0, 1) which depends on (3 and n. 

Jerison showed that a = (5 (see [J]). We would like to emphasize that the 
hypotheses 1 and 2 above are necessary. Keldysh and Lavrentiev constructed 
a domain in R^ whose boundary is rectifiable but not Ahlfors regular, whose 
Poisson kernel is identically equal to 1 and which is not C^. Moreover there are 
examples of domains in R^ whose boundary is Reifenberg flat with vanishing 
constant, rectifiable but not Ahlfors regular, for which the logarithm of the 
Poisson kernel is Holder continuous and which are not even domains (see 
[Du]). Furthermore if n > 2 there are examples of domains satisfying 1 and 
3, whose boundaries arc not C^, which contain a neighborhood of the vertex 
that is a double cone (see [AC, Remark 3.2]). 

In Section 5 we prove that if O is a chord arc domain with small (enough) 
constant such that is asymptotically optimally doubling and logkx € 
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VMO((9r2), then for each compact set K there exists r > so that for Q G 
do, nK,dnn B{r, Q) = A{r, Q) U J^{r, Q), where ^(r, Q) is a set of very small 
surface measure. On A{r, Q) the pointwise oscillation of the unit normal is 
controlled, and the Poisson kernel of 0, (with appropriate pole) can be com- 
pared to the Poisson kernel of a half space. In Section 6 using an integration 
by parts in Rellich's identity (see [J], [JK3] and [KT2]), in both dO, and the 
boundary of the half space mentioned above, we gain control on the mean os- 
cillation of the unit normal vector. This is used to prove a decay-type estimate 
which is the main ingredient in the proof of the following theorem (which also 
uses Theorem 4.2, the Main Theorem in Section 5 and Theorem 6.3). 

Theorem. Assume that: 

1. Q C R""^^ is a chord arc domain with small {enough) constant; 

2. LJ-^ is asymptotically optimally doubling; 

3. logkx e YMO{dn). 

Then is a chord arc domain with vanishing constant; i.e., n G VMO(5J7). 

Remark. In [KTl] it is shown that if O is a chord arc domain with van- 
ishing constant, 2 and 3 above hold. Thus these 2 theorems characterize chord 
arc domains with vanishing constant in terms of the behavior of their harmonic 
measure and their Poisson kernel. 

These results should be also be compared with Pommerenke's theorem [P]: 

Theorem ([P]). Let Q C be a chord arc domain. Then Q. is a chord 
arc domain with vanishing constant if and only if logkx € VM0((?r2). 

Recall that a domain Vl C R^ is called a chord arc domain if the distance 
along the boundary and the Euclidean distance in R^ are equivalent, i.e. there 
exists K > such that for any P, Q G dO., \P - Q\ < d{P, Q)<{1 + k)\P - Q\. 
Here d denotes the distance along d^. In the case when k is small this definition 
of chord arc domain is equivalent to the definition of chord arc domain with 
small constant given above (see Section 4). 

Conjecture. Assume that: 

1. J7 C R"''"''^ is a set of locally finite perimeter whose boundary is Ahlfors 
regular; 

2. Q C R""*"^ is a S-Reifenberg fiat domain for some 6 > small enough; 

3. logkx e yMO{dn). 

Then ^ is a chord arc domain with vanishing constant; i.e., n G VM0(5n). 
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Recently we have succeeded in proving a weaker version of the conjecture 
([KT2]). Namely, if conditions (1) and (2) above are replaced by the statement: 
n C R""*"^ is a chord arc domain with small (enough) constant, then the above 
conclusion holds 

Acknowledgment. Part of this work was carried out while the first author 
was visiting Princeton University and the second author was visiting the In- 
stitute for Mathematics and its Applications. They wish to thank Princeton 
University and IMA for their hospitality. 



2. Doubling and flatness 

In this section we study the relationship between the doubling properties 
of a Radon measure and the flatness of its support. Roughly speaking, un- 
der the appropriate hypothesis a set of codimension 1 is Reifenberg flat with 
vanishing constant if it supports a Radon measure which is asymptotically op- 
timally doubling. Recently we showed that the converse is also true. Namely, 
every Reifenberg flat set with vanishing constant supports an asymptotically 
optimally doubling measure (sec [DKT]). In order to prove the main theorem 
in this section (Theorem 2.1) wc first prove that if /j, is an asymptotically op- 
timally doubling measure in R""^^, then all its pseudo-tangent measures are 
uniform (see Definitions 1.7 and 2.2). Then we use Kowalski-Prciss' charac- 
terization for the support of uniform measures to determine what the support 
of the pseudo-tangent measure looks like. This, combined with the fact that 
the support is (5-Reifenberg fiat, allows us to conclude that all pseudo-tangent 
measures are multiples of Lebesgue measures on n-planes, and that the sup- 
port of n is Reifenberg flat with vanishing constant. Theorem 2.1 plays a key 
role in Sections 4, 5, and 6. 

We first introduce some definitions and recall a classification result for 
uniform measures from [KP]. Let fi he a, doubling Radon measure in R""^^, 
r G (0, 1), and Q G spt/x. Consider the new measure fj,r^Q defined by 

'"-.q(^) = 4^7^ for every Borel set A C R"+i. 
KB[r, Q)) 

Note that iir,Q is a Radon measure. Since is a doubling measure an easy 
computation shows that for each compact set K C R""*"^, and Q £ spt j^Ci K, 

sup IJ.r,Q{K) < C, 

0<r<l 

where C is a positive constant depending only on n, and K. 

Definition 2.1. Let /x be a doubling Radon measure in R""*"-*^. We say 
that is a tangent measure of fi at the point Q G spt /x if is a nonzero Radon 
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measure in and if there exists a sequence of positive numbers {rj} such 

that ri 1 0, and ^lri,Q converges weakly to u in the sense of Radon measures, 
i.e. lJiri,Q ^- In particular for (p G Cc(R"''*"'^), 



For a detailed discussion of tangent measures for general Radon measures 

sec [M] and [Pr]. Roughly speaking the tangent measures of a given doubling 
Radon measure ^ provide pointwise information about the behavior of ^u. For 
our purposes we need some sort of uniform control on the behavior of fi. Thus 
we introduce the notion of pseudo-tangent measure. This notion is analogous 
to the notion of pseudo-tangent map (resp. pseudo-tangent cone) introduced 
by Simon [Sil], [Si2] in order to study the regularity of the singular set of an 
energy minimizing harmonic map (resp. minimal surface). 

Let /Lt be a doubling Radon measure in R"+^. A simple computation 
shows that for every compact set K C R'^"'"''' there exists a constant C{K) > 
depending only on n, and K such that Q G spt fiDK, \Q — Qi\ < 1 and rj < 1, 



Definition 2.2. Let be a doubling Radon measure in R""*" . We say 
that is a pseudo-tangent measure of /x at the point Q G spt if is a nonzero 
Radon measure in R""*"-*^ and if there exists a sequence of points Qi G spt/x 
such that Qi Q, and a sequence of positive numbers {rj} such that rj J, 0, 
and l^ri,Qi V- In particular for (p G Cc(R"''''^), 



Note that a tangent measure of ^ at the point Q is a pseudo-tangent mea- 
sure of jji at Q. We mentioned in the introduction that all the pseudo-tangent 
measures of an asymptotically optimally doubling measure are uniform. The 
following theorem gives a complete description of uniform measures. 

Theorem ([KP]). Let v he a nonzero Radon measure in R""*""*^ such that 
for every Q G spt v, and r G (0, oo) 



where Un denotes the volume of the unit ball in R". Then after translation 
and rotation, either 





u{B{r,Q))=Unr'', 



= 7^" L {(xi, . . . ,Xn+i) G R"+^ : 



0} 



or 



n>3 and z/ = 7^" L {(xi, . . . , x„+i) G R"+^ : 



2 I 2 I 2-1 
^1 "T ^2 "T ^3J • 
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Theorem 2.1. Let n he a doubling Radon measure in R"+^ which IS 
asymptotically optimally doubling. Then: 

1. If n = 1,2, spin is Reifenberg flat with vanishing constant. 

2. If n > 3 and spt fi is S-Reifenberg flat, then spt jj, is Reifenberg flat with 
vanishing constant. 

Theorem 2.2. Let ^ be a doubling Radon measure in R""*"^ which is 
asymptotically optimally doubling. Then all pseudo-tangent measures of ji are 
uniform measures. 

Remark 2.1. The following fact is often used. If for each ^ > 1, Tj C 
R"'*'"^ contains the origin then, given a compact set K C R"""*""^, there exists 
a subsequence such that Fj/ H K converges in the Hausdorff distance sense. 
Taking an exhaustion of R"^^ by compact sets, we can insure that there exists 
another subsequence {ik} such that Fj^ converges to F 9 0, in the Hausdorff 
distance sense, uniformly on compact sets. A similar result, known as Gromov's 
precompactness theorem [G, Prop. 5.2], holds in general metric spaces. 

Lemma 2.1. Let ^ be a doubling Radon measure in R""*"^ which is asymp- 
totically optimally doubling. Assume that there exist a sequence Qi G spt ^u, so 
that Qi Q, and a sequence Aj | such that //Ai,Qi ^ i^. If T, = spt/i and 
r|x^^Q^(Ti) = p(E — Qi) then X G sptu if and only if there exists a sequence 
Xi G ?7Ai,Qi(5]) such that Xi X. 

Proof of Lemma 2.1. Let Xi G r]x^^Q^{T,), and assume that Xi — ^ X. There 
exists a sequence {Zi}i C S such that Xi = — Qi). For r G (0, 1), there 

exists iQ > 1, such that for i > io, l-'^ — -X",! < |, and \Zi — Qi\ = Xi\Xi\ < MXi, 
where M = \X\ + 1. Let T — 2(M+i) ' Si-'^'^^ is asymptotically optimally 
doubhng there exists R> such that for P e B{1,Q) DT,, if < p < R then 



Since Qi —>■ Q, Xi [ 0, and \Zi — Qi\ < MXi, there exists ii > io such that 
for i > ii, Zi G 5(1, Q) n S, §Ai < R, and (M + l)Aj < R. Under these 
assumptions we have that 



liiB{rp,P)) 

T fi{B{p,p)) • 



^ix,,Q,iB{r,X)) 



li{B{rXi, Qi + XiX)) 



> 



KB{Xi,Q.i)) 
fi{BirXi-X^\X-Xi\,Zi 



)) 



l2{B{Xi,Qi)) 



> 



^i{B{^Xi,Zi)) 
pi{B{Xi,Qi)) 
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- ii{B{Xi{M + l),Zi)) 

1 / r 
> -( 



2 V2(M + 1) 

Recall that /XAi,Qi converges weakly to u. Therefore 

(2.1) ^(S(2r,X)) > i^(B{r,X)) 

> Urn sup HXi,Qi(B{r,X)) 



2V2(M + 1)- 

For r > 0, (2.1) guarantees that iy{B{r,X)) > C{n, |X|)r" > 0; thus X G sptz/. 

In order to prove that if X G spt there exists a sequence Xi G r/;^. q. (S) 
such that Xi ^ X, assume not. Then X G spt v and there exist eo > and 
a subsequence {ik} such that d{X,rix^ (S)) > Sq. In particular B{^,X) PI 
,Q (S) = 0. When ^ G Cc(B(f , 1')) * 



/ 



If y G spt/x = S, then l^^y^ - X| > f , which implies that ¥'(^t^) = 0. 



Thus /<^(ii^ = for all ip G Cc{B{^,X)). This contradicts the fact that 
X G spt z/. □ 

Proof of Theorem 2.2. Assume that is a pseudo-tangent measure of n 
at the point Q G spt fi. There exist a sequence Qi G spt n, so that Q, 
and a sequence Aj | 0, such that /J'X^^Qi v- When X G sptz/, Lemma 2.1 
guarantees that there exists a sequence Xi G 77Aj,Qj(S), such that Xi — X. 
Moreover, there exists a sequence {Zi}i C S such that = y-{Zi — Qi). Fix 
r > 0. Given e > 0, there exists zq > 1, so that for i > i^, \X—Xi\ < min{l, er}, 
and \Zi — Qi\ = Xi\Xi\ < MXi, where M = \X\ + 1. Under these assumptions, 

u(B(rXi + Xi\X - Xi\,Zi)) 
lix,,Q,{B{r,X)) < ^ V . .1 ^JJ 



< 



< 



li{B{Xi,Qi)) 
^{B{rXi{l + e),Zi)) 

tiiB{Xi,Qi)) 
fi{B{rXiil + 8), Zi)) ii{B{rXi{l + e), Qi)) 



li{B{rXi{l + e),Qi)) ii{B{Xi,Qi)) 

Let K be a large constant to be determined. Since ji is asymptotically optimally 
doubling, Qi —> Q, Zi ^ Q, and [ 0, there exists ii{£, n, M, r) > io so that 
for i > ii, 
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and 

Mi?(rA,(l + £),Z,)) . ii{B{Kr\{l + E),Z,)) 

^■''> fi{B{rXi{l + e),Qi)) ' ^ ^^%(5(«rAi(l + e),g,)) 



li{B{K\ir, Qi)) 



Choosing k large enough so that ^ < e, (2.2) and (2.3) yield that for i > ii, 
MA„Q.(S(^,X))<(l + £)4(l + 2e)V^ 

Thus 

limsupMA,,Q,(5(r,X)) <r'^. 

A similar argument shows that 

liminf//A„Q,(S(r,X)) >r". 

Therefore for X G spt and r > 0, 

hm /XA„Q,(S(r,X))=r". 

Since H\^,Q^ converges weakly to v in the sense of Radon measures, for X G 
spt u and r > 0, 

i.(S(r,X)) < liminf/XA„Q,(S(r,X)) =r", 

I— >oo 

and for any e > 0, 

Ki?(r,X)) >K^(r(l-£),X)) > limsup/.A„Q,(:B(r(l-e),X)) 

j— >oo 

> hm lix„Q,{B{r{l - e),X)) = (1 - £)"r". 

I— »oo 

We conclude that for X G spt v and r > 0, i'{B{r, X)) = r". □ 

Proo/ o/ Theorem 2.1. Let ;u be a doubling Radon measure in R""*"^ which 
is asymptotically optimally doubling. Let S = spt/x, and K C R""*""^ be a 
compact set such that K D T, ^ ^. Let 6{r,Q) and Oxir) be as in (1.2) and 
(1.3) respectively, and let 

i = limsup 9k{t). 

rj,0 

We need to prove that £ = 0. By definition there exists a sequence Aj J, 0, 
such that 0_ft'(Aj) i. Also there exists a sequence of points Qi G T, f] K 
such that 9{Xi,Qi) — > i. Since K is compact and S is closed we may assume 
that Qi ^ Q e T, n K. Note that for every i > 1, G riXi,Qii^)- Therefore 
there exists a subsequence {ik} such that rf\^^^Q^^{'S,) converges to Sqo in the 
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Hausdorff distance sense uniformly on compact sets (see Remark 2.1). Modulo 
passing to a further subsequence, which we relabel, Theorem 2.2 guarantees 
that 

?7Aj.,Qj.(5]) — Soo in the Hausdorff distance sense, uniformly on compact sets, 
and 

t^^k,Qk ~^ ^ where is a uniform measure. 

Lemma 2.1 states that rj\^^Q^{T?) converges to spti^ in a pointwise sense. The 
fact that ryAj.,(5j,(S) converges to Sqo in the Hausdorff distance sense, uniformly 
on compact sets guarantees that 

Soo = Spt V. 

The Kowalski and Preiss theorem asserts that: i) if n = 1, 2, Sqo is an n-plane; 
ii) if n > 3, So© is either an n-plane or a cone. Our next step is to rule out 
the cone as a possibility for Soo in the case where n > 3. It is here where 
the assumption about the Reifenberg flatness of S = spt /x is used. In fact we 
prove that since S is (5-Reifenberg flat there exists an n-planc L such that the 
Hausdorff distance between L n B{1, 0) and Soo n B{1, 0) is at most This 
condition is not satisfied by the Kowalski-Preiss cone. 

When X G Soo, there exists a sequence {Zf;}k C E PI 5(1, Q) such that 
= Jjli^k — Qk) X as k ^ oo. Without loss of generality we may assume 
that |X — Xfcl < 1/2. Since S is (5-Reifenberg flat, 

sup sup 0{r,P)<S for some (5 G (0, and R>0. 

o<r<R Pe'snB{i,Q) 4\/2 

There exists fci > 1 such that for k > ki, Sk = Ajk(l — \X — Xk\), = 
Afc(l + |X — Xfcl) < R. For each such k there exist n-planes and L'^ 
containing Zk and such that 

(2.4) L>[S n B{rk, Zk), Lk n B{rk, Zk)] < 6rk, 
and 

(2.5) D[S n B{sk, Zk), L'k n B{sk, Zk)] < dsk. 

Note that for Y e LkH B{sk, Zk), there exists F G n B{sk — 6rk, Zk) such 
that |y — y| < Svk- (2.4) insures that there exists P G S fl B{rk,Zk) such 
that \Y -P\< 6rk. Note that |P - Zk\ < Sk and |P - y| < 2Srk. Now (2.5) 
guarantees that there exists Y' G L^. fl B{sk, Zk) so that |P — Y'\ < Ssk- Thus 
\Y -Y'\ <5sk + 26rk, and 



Lk n B{sk, Zk) C (4 n B{sk, Zk); 6sk + 2Srk) . 
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Since r7;v^.^Q^.(S) Sqo in the Hausdorff distance sense, uniformly on compact 
sets, given £ > there exists ko > ki such that for k > ko 

(2.6) D[SoonB(l,X),r?A„Q,(S)n5(l,X)] <£. 
Hence 

Eoon5(l,X) C {rjx„Q,{^)nB{l,Xy,e) 

C (r7A,,Qfc(S)nS(l + |X-Xfe|,Xfe);£), 

and 

(2.7) Afe(Soon5(i,x)) 

C (snS(rfe,Zfe);£Afc) 
C (LfenB(rjfc,Zfe);£Ajfc + (5rfe) 
C (Lfc n B{sk, Zk)\e\k + 5rfe + 2Afc|X - Xk\) 
C (4 n S(sfe, Zfe); eAfc + 3(5rfc + Js^ + 2Afc|X - 
C (4 n 5(Afc, Zfc);£Ajk + A5\k + 4Afe|X - Xk\). 
Moreover (2.6) also implies that 

(2.8) r7A„Q,(S)n5(l,X) C {T.^(^ B{l,X)-e) 
r1x„Q,{T.)f^B{l-\X-XklXk) C (SoonS(l,X);£). 

Combining (2.5) and (2.8) we have that 
(2.9) 

L'knB{Xk,Zk) C (4n5(sfe,Zfe);Afe|X-Xfc|) 

C (j:nBisk,Zk);Ssk + Xk\X-Xk\) 
C (Afe(Soo n 5(1, X)) + Qfe; £Afe + SXk + Xk\X - X^l) . 
Therefore (2.7) and (2.9) yield 

Dpoo n B{1, X), Pk n B{1, Xk)] < e + 4,5 + 4|X - X^l 

where Pk = ;5^(4 ~ Qk) is n-plane containing X^. Note that = P^ — 
Xk + X is an n-plane containing X, and satisfying 

D[AknBil,X),PknB{l,Xk)] < \X-Xk\, 

and 

£»[Soo n B{1, X), Afe n 5(1, X)]<e + 4S + 5|X - Xfc|. 

Since the space of n-planes in R""^^ containing X is compact, there exist an 
n-plane Ax containing X and a subsequence such that A^/ converges to Ax 
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in the Hausdorff distance sense, uniformly on compact sets. Therefore for 
X G Soo there exists an n-plane Ax containing X such that 

L'poo n B{1, X),Ax n B{1, X)] <AS + e. 

By the Kowalski-Preiss theorem if Ego is not an n-plane, n > 3 and there exist 
a translation and a rotation TZ such that 

7^(Soo - Foo) = C, where C = {(xi, . . . G R"+^ :xl = xl + xl + xj}. 

Note that Y^o G Sqo, thus there exists an n-plane Aqo containing Yoo, so that 
if A = 7^(Aoo - Foo) 

D[C n B{1, 0), A n B{1, 0)] < 4(5 + e. 
Since (5 G (0, ^^), £ > can be chosen small enough so that 

D[C n B{1, 0), A n B{1, 0)] < 

v2 

On the other hand a simple computation shows that for any n-plane L con- 
taining the origin 

D[C n B{1, 0), L n B{1, 0)] > 

v2 

Therefore for n > 1, Eoo is an n-plane. Now, (2.6) guarantees that given £ > 
small enough there exists fco > 1 such that for k > ko 

D[rix,,Q,{^) n B{1, 0), Soo n B{1, 0)] < e. 

Hence 

^(Afc, Qfc) < — L>[S n B{Xk,Qk), Ck n S(Afe, Qk)] < e, 

where £fc = A/jSqc + <3fc is an n-planc through Q^. We conclude then that 

£= lim e{Xk,Qk) = 0. □ 

fe— ♦oo 



There is also a quantitative version of Theorem 2.1. In order to prove it 
we need to provide a quantitative version of the Kowalski and Preiss theorem. 
Namely: 

Lemma 2.2. Given e > 0, there exists 5 > such that, if ly is a nonzero 
Radon measure in R"+^ such that, for every X G spt v, and every r G (0, oo) 

(2.10) < v{B{t, X)) < (1 + <5)r", 

then, ifT, = spt u and 

9s{r) = sup inf (-Dp n 5(r, Q), L n 5(r, Q)] 1 : 



FREE BOUNDARY REGULARITY 



385 



1. For n = 1,2, sup^^g 0^{r) < e; 

2. For n > 3, if sup^^g 9-E{r) < l/4\/2 then sup^>o^s('') < £■ 

Proof. Assume that the statement above is false. Then there exists eo > 
such that, for every S > 0, there is a Radon measure us satisfying (2.10), but 
whose support = sptz^^ is such that sup^>o^s(^) ^ ^o- In the case n > 3, 
we also assume sup^^g (^T,{r) < l/4-v/2. Therefore, there exist sequences Si J, 0, 
Aj > and Qi G Sj with Sj = S5. such that 

where, for Q e S^, 0s,(r,g) = infL{iL>[Si n S(r, Q), L n S(r, Q)]}. Moreover, 
if 

= ^^^iiMjL^, for each Borel set C R"+\ 

then, for X G Tj = — Qi), and r G (0, 00) 

1 



-r^ <iyi{B{r,X))<{l + Siy- 



00 

00 



1 + 6., 

It is easy to see that for each i > 1 

(2.11) er.(l,0)>|, 

and that, if n > 3, sup^^g (?") < l/4\/2. Similar arguments to the ones 
used to prove Lemma 2.1 and Theorem 2.2 insure that (modulo passing to a 
subsequence) Ui v^o (weakly in the sense of Radon measures), Tj T 
in the Hausdorff distance sense, uniformly on compact subsets, and F, 
sptz/oo- If n > 3, sup^^g ^Foo < l/4-\/2. Moreover, for X G Too and R > 0, 
Uoo{B{r,X)) = r". Therefore, Too is an n-plane by [KP]. The fact that Fj — 
Foo in the Hausdorff distance sense, uniformly on compact subsets, guarantees 
that, given e > there exists iq > 1 such that for i > iq 

er,(l,0) <L'[Fin 5(1,0), Foo nS(l,0)] <£. 

This contradicts (2.11) whenever e < £o/2. □ 

Theorem 2.3. Given s > 0, there exists S > such that, if fj, is a 
doubling Radon measure in R"''"''^, and S = spt/x then the following holds: 

1. For n = 1,2, if is 5 -approximately optimally doubling, then S is e- 
Reifenberg flat. 

2. For n > 3, if T, is rj-Reifenberg flat {for some rj G (0, l/4\/2)), and ji is 
5- approximately optimally doubling then S is e-Reifenberg flat. 
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Proof. Let S > 0, and be a doubling Radon measure in R"+i which IS 
(5-approximately optimally doubling. If n > 3, the support of fj,, spt /x = S 
is taken to be 77-Reifenberg flat. Given a compact set K C R"""*"^, let £ = 
limsup^^Q 0/^(r). There exist sequences Aj J, and Qi E K (1 T, with Qi — *• 
Q eKr\T,so that e{Xi, Qi) L Let 

/^«(^) = ^77^^^' for each Borel set E C R"+\ 

and Fj = y-(E — Qi). Similar arguments to the ones used to prove Lemma 
2.1 and Theorem 2.2 insure that (modulo passing to a subsequence), fii ^ v 
(weakly in the sense of Radon measures) , Fj — >^ F 9 in the Hausdorff distance 
sense, uniformly on compact subsets, and F = spt f. Note that u is a, pseudo- 
tangent measure of ^ at Q. If n > 3, F satisfies sup^>o^r(?') < l/4\/2. 
Moreover, for r > and X G F 

-^r" < i^(B(r, X)) < (1 + (5)r". 

1 + 

Lemma 2.2 guarantees that, given e > 0, there exists 5 > so that supj,>o ^r('") 
< e/2. In particular, there exists an n-dimensional hyperplane containing 
and satisfying 

(2.12) D[Fns(i,o),Lns(i,o)] < |. 

Since Fj = y-(S — Qj) — > F in the Hausdorff distance sense, uniformly on 
compact subsets, there exists io > 1 such that, for i > io 

(2.13) L>[F n 5(1, 0),^(E-Qi)n 5(1,0)] < |. 
Thus combining (2.12) and (2.13), we conclude that, for i > iq, 

0{Xi, Qi) < D[L n B{1, 0), ^(S - Qi) n B{1, 0)] < e. 

Thus I = lim supr_>o Oxif) ^ which insures that spt n is e-Reifenberg flat. □ 

Combining Rcifcnbcrg's Theorem with Theorem 2.3 wc obtain the follow- 
ing regularity statement about the support of approximately optimally dou- 
bling Radon measures. 

Corollary 2.1. Let n be a doubling Radon measure in R"^^, and S = 
spt fj,. Then 

1. If n = 1,2, given (5 G (0,1), there exists 6{n,l3) > such that, if ji 
is 5-approximately optimally doubling, then T, is a C'^'^ n-dimensional 
submanifold. 
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2. // n > 3 and S is ij-Reifenberg flat, given (5 G (0,1), there exists 
5(n,l3) > such that, if ji is 5 -approximately optimally doubling, then 
S is a C°"'^ n- dimensional submanifold. 

3. Doubling properties of the harmonic measure 
and geometry of the boundary 

In the previous section we saw how the doubhng properties of a measure 
determine the geometry of its support. In this section we focus on the rela- 
tionship between the doubling properties of the harmonic measure of a domain 
Jl and the geometry of its boundary dO,. We start by recalling the definition 
of non-tangentially accessible domains (NTA) as well as the relevant theorems 
about the boundary behavior of the Green's function and the properties of the 
harmonic measure on these domains. An M-non-tangential ball B{r,X), in a 
domain fl, is a ball in $7 whose distance to dO, is comparable to its radius; 
i.e. Mr > d{B{r, X),dCl) > M~^r. For Xi, X2 e ^ a Harnack Chain from 
Xi to X2 in is a sequence of M-nontangential balls such that the first ball 
contains Xi, the last contains X2, and such that consecutive balls intersect. 
The number of balls in this chain is called the length of the chain. 

Definition 3.1 ([JKl]). A bounded (resp. unbounded) domain O in R"^^ 
is called non-tangentially accessible when there exist constants M > 1 and 
R> (resp. R = 00) such that: 

1. Corkscrew condition. For any Q G dU, r < R (resp. r > ) there exists 
A = A{r, Q) en such that M'^r < 1^4 - Q| < r and d{A, dQ) > M'^r. 

2. satisfies the corkscrew condition. 

3. Harnack Chain Condition. If e > 0, and Xi, X2 G $7 fl 5(|, Q) for some 
Q edn,r < R (resp r > 0), d{Xj,On) > e and \Xi - X2I < 2''e, then 
there exists a Harnack chain from Xi to X2 of length Mk and such that 
the diameter of each ball is bounded below by min{dist(Xi, 50), 
dist(X2,aJ7)}. 

When is an unbounded domain, we also require as part of the defini- 
tion of NTA domain that R""'"^\9f2 divide R""'"^ into two distinct connected 
components ^ and int 7^ 0. 

Before stating further results we need to give a precise definition of har- 
monic measure. Let C R""*""^ be a bounded domain, and / be a function 
defined on dQ. Define the upper class of functions by 

Uf = {u:u = -Foo on or Au < and liminf tx(X) > f{Q) VQ G dn}. 
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and the lower class by Lf = {—u : u G U^f}. Let Hf{X) = mf{u{X), 
u E Uf} (respectively ILf{X) = sup{u(X),'u G Lf}) be the upper solution 
of the Dirichlet problem (rcsp. the lower solution). If Hf{X) = H f(X) for 
every X Q, and A{Hf) = in 17, / is called a resolutive boundary function. 
In that case, we set Hf{X) = Hf {X) = Hf{X). Weiner [W] showed that 
every continuous real-valued function on dVL is resolutive. This fact, and the 
maximum principle make it possible to define harmonic measure. 

Definition 3.2. The unique probability measure on d^l, denoted uj-^ , such 
that for all continuous functions / on 50, Hf{X) = Jg^fduj-^, is called the 
harmonic measure of J7 with pole at X. 

If J7 C R""^^ is an unbounded domain such that int 7^ the harmonic 
measure can be defined in a similar way (see [H, Ch. 9]). We note that as a con- 
sequence of Harnack's inequality, for any Xi,X2 G Jl, and any domain Jl, the 
measures and uj-^^ are mutually absolutely continuous. Thus, for a fixed 
point Xo e n, the Radon-Nikodym derivative K{X,Q) = {du;^ /du!^''){Q) 
exists, and is called the kernel function. 

Lemma 3.1 ([JKl], Lemma 4.9, 4.11). Let Q. C R"+^ be an NTA domain 
with constants M > 1 and R> 0, let K C R""^^ be a compact set, Q G d^HK, 
0<2r <R, andX e n\B{2Mr, Q). Then for s G [0, r], 



where C depends only on the NTA constants ofil and on K. Here A{s,Q) = 

dnnB{s,Q). 

In particular the harmonic measure on an NTA domain is a doubling 
Radon measure on dQ. The pseudo-tangent measures of the harmonic measure 
deserve special attention as they are themselves harmonic measures, but with 
pole at infinity. In order to introduce the notion of harmonic measure with 
pole at infinity, for connected unbounded NTA domains, we need to recall some 
results concerning general NTA domains. 

Lemma 3.2 ([JKl], Lemma 4.1). Let Q be an NTA domain, let K c 
R"+^ be a compact set. There exists /3 > such that for all Q G dO, H K, 
< 2r < i?, and every positive harmonic function u in Q Ci B(2r,Q), if u 
vanishes continuously on A(2r, Q), then for X G ri fl B{r, Q), 



(3.1) 



a;-^(A(2s,g)) <Ca;^(A(s,Q)), 



u{X) < C 




sup{u{Y) : Y G dB{2r, Q) n fi} 



where C depends only on K and on the NTA constants. 
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Corollary 3.1. Let O he an NTA domain, let K c R"+^ he a compact 
set. Let Q e dnn K, < 2r < R then 

^Mr,Q)^A{r,Q)) > C, 

where C depends only on K and on the NTA constants. 

Lemma 3.3 ([JKl], Lemma 4.4). Let Q he an NTA domain, let K C R"+^ 
he a compact set, Q G SQnK, and < 2r < R. Ifu > is a harmonic function 
in and u vanishes continuously on A(2r, Q), then 

u{Y) < Cu{A{r,Q)), 

for all Y € B{r, Q)r\ft. Here C depends only on K and on the NTA constants. 

Lemma 3.4 ([JKl], Lemma 4.8). Let f7 he an NTA domain, let K C R"+^ 
he a compact set, Q e dil, Ci K , < 2r < R, and X e Q\B{2r, Q). Then 

c ^^(A(r,Q)) 
'G{A{r,Q),X) 

where G{A{r, Q), — ) is the Greenes function of Q, with pole at A{r, Q). 



Lemma 3.5 ([JKl], Lemma 4.10, Comparison Principle). Let Q be an 

NTA domain, K C R"""*"^ he a compact set and < Mr < R. Suppose 
that u and v are positive harm,onic functions in Vt vanishing continuously on 
A(Mr, Q) for some Q G dQCiK. Then there exists a constant C > 1 {depending 
only on K and on the NTA constants) such that for all X G B{r, Q) PI fi, 

, u{Mr,Q)) ^ ujX) uiA{r,Q)) 
v{A{r,Q)) - v{X) - v{A{r,Q))- 

Theorem 3.1 ([JKl], Theorem 7.1). Let Q he an NTA domain, 
K C R""*"^ he a compact set. Let Xq,X G VL; then for every Q G dft 



dco^o^^^ r^Ou}^o(A{r,Q)) z^qG{Xo,Z)' 

There exist constants C > 1, Nq > 1 and a G (0, 1) so that for s > and 
Qo G dn ifX G n\B{2Ns,Qo), N > Nq, then for every Q,Q' G A{s,Qo) 



\K{X, Q') - K{X, Q)\ < CK{X, Q) 



\Q-Q'\ 



Theorem 3.2 ([JKl], Theorem 7.9). Let Q he an NTA domain, 
K C R"""*"^ he a compact set. There exists a numher a > 0, such that for 
all Q G dCl n K, < 2r < R, and all positive harmonic functions u and v 
in Qn B{2r,Q) which vanish continuously on A(2r, Q), the function is 
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Holder continuous of order a on QCi B{r, Q). In particular^ for every Q G dO,, 
limx->(3 ^^1^ exists, and for X,Y E Q D B{r, Q), 



u{X) u{Y) 



v{X) v{Y) 



< C 



u{Air,Q)) f\X-Y 



v{A{r,Q)) V r 



Lemma 3.6 ([JKl], Lemma 4.11). Let Vl he an NTA domain, and 
K C R'"+^ he a compact set. Let Qq,Q <^ dO, f] K , A = A{Qq, r), and r < R. 
Let A' = A{s,Q) C A{^,Qo). If X € n\B{Qo,2r), then 



A(r,Qo) 



(AO 



Lo^iA) ■ 

(Ci ~ C2 means that the ratio between Ci and C2 is hounded above and below 
by a constant that depends only on M, R and K.) 

The results quoted above from [JKl] were proved for bounded domains 
but they easily extend to unbounded domains. 

Lemma 3.7. Let O C R""^^ be an unbounded NTA domain, and Q G dU. 
There exists a unique function u such that 

' Au = in 

u > in 
u = on dil. 



(3.2) 

and 



uiA{l,Q)) 



Proof. Note that without loss of generality we may assume that Q = 0. 
Let A(1,0) = A. 

Uniqueness. Let u and v satisfy (3.2). By the comparison principle for 
p > 1 and X G B{p,0) D n, 

, u{A{p,0)) ^ upq ^ u{A{p,0)) 
v{A{p,0)) - v{X) - v{A{p,0))' 

where C depends only on the NTA constants. Since A G B(p,0), and u{A) = 
v{A) then for X G B{p, 0) n O, 



(3.3) 



Theorem 3.2 and (3.3) guarantee that for X G B{p,0) Ci Q, 



u{X) 



v{X) 



- 1 



< C 



u{A{p,Q)) (\X-A\ 
v{A{p,Q)) 



< C 



\X -A\ 



Fixing X and letting p — ^ 00 we conclude that u = v in J7. 
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Existence. For y G Q let G(Y, — ) denote the Green's function of 0, with 
pole at Y. Let 

G{Y,X) 
"^^^^ - G(YAj^ 

uy is a nonnegative harmonic function on i?(|y|,0) H ft. Let K C R""*"^ be a 
fixed compact set. Fix p > such that K CiQ, C B{p, 0) fl Q,, and let |y | > 2p. 
Let X G -fC n n. Lemma 3.3 combined with the Harnack Principle yield 

(3.4) G{Y, X) < CGiY, A{p, 0)) < CK,nG{Y, A). 

Thus for |y| > 2p, supj^gj^^Q < CK,n- Let {Yj}j C 0, he such that 

\Yj\ > 2p, and ^ oo as j — > oo. The corresponding uj = uyj are nonnega- 
tive uniformly bounded harmonic functions on B{p, 0) fl fi. The Arzela-Ascoli 
theorem guarantees that there is a subsequence uji which converges uniformly 
to a nonnegative harmonic function u in B{p, 0) H 0,. Letting p ^ oo and tak- 
ing a diagonal subsequence we conclude that there is a subsequence tij^. which 
converges to the nonnegative harmonic function u, uniformly on compact sets 
of n. Since u{A) = 1 and u = on dfl, u > in $7. Therefore u satisfies (3.2). 
By the uniqueness proved above we conclude that u\y\ ^ u as \Y\ ^ oo. □ 

Corollary 3.2. Let O C R"+^ be an unbounded NTA domain. For 

Q G dQ, let A{1,Q) = dQ n B{1,Q). There exists a unique doubling Radon 
measure supported on dO, satisfying: 

I ipdu'^ = ( vA(p for all (p G C^°°(R"+^) 

where 




and 

a;-(A(l,Q)) = l. 

Lv°° is called the harmonic measure of O with pole at infinity normalized at 
Q e dn. 

Proof. Again without loss of generality we may assume that Q = and 
74(1,0) =A. 

Uniqueness. Let ui, uj^ be two such measures. Let fi, be the corre- 
sponding nonnegative harmonic functions in O which vanish on By Lemma 
3.7 Vi{X) = Vi{A)u{X) where u is the unique function satisfying (3.2). Thus 
for if e Cc°°(R"+^), 

/ ipduji = Vi{A) / uAif, 
Jdn Jn 
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which imphes that 

(3.5) [ (pduji = — ^ / (pduj2 

(3.5) asserts that 

dui _ du2 u;i(A(l,0)) _ (J2(A(1,0)) 
vi{A) ~ V2{A) vi{A) ~ V2{A) 

Thus vi = V2 and ui = 0^2. 



vi{A) = V2{A). 



Existence. Fix p > 0, and let if G C^{B{p,0)), let Y e ft be such that 
\Y\ > 2p. Let denote the harmonic measure of J7 with pole at Y. Then 

Lemma 3.4 guarantees that 

P^-^uy{A{p,Q)). 



a;^(A(p,0)) ^„_iG(F,A(p,0)) _ 



G{Y,A) ^ G{Y,A) 

Y 

Therefore the Radon measures g(y,A) uniformly bounded on S(p, 0) (see 
(3.4)). Given a sequence {Yj}j C such that \Yj\ > 2p, and \Yj\ ^ cx) as 
j ^ 00, there exists a subsequence {Yj/} and a Radon measure p such that for 

<peC^iB{p,0)) 

f duj^i' f 

J ^Wj^) " J 

Letting p — > 00, and taking a diagonal subsequence {j^} we conclude that 



p. 

Since uy.^ converges uniformly to u (as in the proof of Lemma 3.7), in compact 



G{Yj„A) 

subsets of Q we also have that 

/ (pdp= [ uAipdX for all ^ G Cc°°(R''+^). 

Jan Jn 

If = MAIW w°"(A(l,0)) = 1, and 

/ ^dLv°° = [ vA(p for all ip G C^°°(R"+^). 

Jan Jn 

Here v = ^(^"^ q^) is a nonnegative harmonic function in Q which vanishes in 
dn. In order to prove that lo°° is a doubling measure let K C R""*"^ be a 
compact set and let Q G K fl dO,. Given r > 0, there exists Jk > 1 such that 
if jfe > JK, Yji^ G n\B{2Mr,Q). Then for s G [0,r] (3.1) guarantees that 
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where C depends only on K and the NTA constants of O (see Lemma 3.1). 
Hence 

< C lim inf — , , , ^ 

- MA(1,0))G(F,,,A) 

< Ca;-(A(|,Q)) 

< Ca;°°(A(s,Q)). □ 



The next lemma states that the class of NTA domains in is compact 

under blow-ups, and that in some sense so is the class of harmonic measures. 
Namely: 

Lemma 3.8. Let Q C R""^-*^ be an NTA domain. Let {Aj} be a sequence 

of positive numbers such that Aj J, 0, let Qi £ dQ be such that Qi ^ Q £ dQ, 
and let Y £ Q. For E a Borel set in R"+^ let lo^ (E) = lo^ {E H dn), and 

lJij{E) = ^b\x^q^)) • There exist subsequences Xj —>■ and Qj — > Q such 
that 

r]Xj,Qj{^) ^oo in the Hausdorff distance sense, 
uniformly on compact sets, 

and 

'>l\j,Qj{d^) ~^ dfloo in the Hausdorff distance sense, 

uniformly on compact sets, 

where JIqo is an unbounded NTA domain. Moreover 

where u, a pseudo-tangent measure ofu^ at Q £ d^l, is a constant multiple of 
the harmonic measure of fl^o with pole at infinity normalized at £ d^oo ■ 

The proof of this lemma is straightforward although slightly technical. 
Since we do not need the result in the sequel, we only present a rough outline 

of the proof. Note that since Q is an NTA domain its harmonic measure 
with pole at Y is doubling. This combined with Remark 2.1 guarantees that 
there exists a subsequence (which we relabel) such that rix.^Q.{fl) — > Ooo, 
rj\^^Q^{dQ) — > Sqo, and fj,j u. An argument similar to the one presented in 
Lemma 2.1 guarantees that Sqo = spt v. In order to show that Sqo = dVL^o^ we 
combine a connectivity argument with the fact that both Q, and Q,'^ satisfy the 
corkscrew condition. If is an NTA domain with constants M and i? > 0, by 
inspection, one can check that ri\j,Qj{^) is an NTA domain with constants M 
and R/Xj. It is straightforward then that Cl^ is an unbounded NTA domain. 
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The fact that is a multiple of ti;°° is a consequence of Corollary 3.2 and Lemma 
3.4 applied to the harmonic measure of r)\^^Qj{rt) with pole at {Y — Qj)/Xj. 

An immediate consequence of Theorem 2.1, Theorem 2.3 and Theorem 
4.3 in [KTl] is the characterization of Reifenberg flat domains in terms of the 
doubling properties of their harmonic measure. 

Theorem 3.3. 

1. Let n = 1,2, and let 17 C R"""*"^ be an NTA domain. Given e > there 
exists 6 > such that if to is 6- approximately optimally doubling, then 

is an s-Reifenberg flat domain. 

2. Letn>5 and let n C R"+^ be an Tj-Reifenherg flat domain. Given £ > 
there exists J > such that if u is S- approximately optimally doubling, 
then is an e-Reifenberg flat domain. 

Here to denotes either the harmonic measure with pole X E or the harmonic 
measure with pole at infinity in the case where is an unbounded domain. 

Definition 3.3. Let fl C R""*"^. We say that J7 is a Reifenberg flat domain 
with vanishing constant if it is a J-Reifenberg flat domain for some S G (0, (5„), 
and dQ, is a Reifenberg flat set with vanishing constant. 

Theorem 3.4. 

1. Let n = 1, 2, and let Q C R""^"^ be an NTA domain. CI is a Reifenberg 
flat domain with vanishing constant if and only if u is asymptotically 
optimally doubling. 

2. Let n > 3 and let Q C R"^^ be an rj- Reifenberg flat domain. Q is a 
Reifenberg flat domain with vanishing constant if and only if u) is asymp- 
totically optimally doubling. 

In the last part of this section we show that the Kowalski-Preiss cone 
gives rise to an example of an NTA domain Q. which is not 5-Reifcnberg flat 
but for which the harmonic measure with pole at infinity (normalized appropri- 
ately) and the surface measure of the boundary coincide. Moreover the surface 
measure of the boundary, and therefore its harmonic measure, are uniform. 

Proposition 3.1. Let n > 3. Let 

^ = |(xi,...,x„+i) gR"+i : |x4| < ^xl + xl + xi^ . 

17 is an unbounded NTA domain whose harmonic measure a;°° with pole at 
infinity and normalized at the origin satisfies 
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Moreover for Q G dVl and r > 

a;°°(S(r, Q)) = —rC\dVL n B{r, Q)) = r". 

Remark 3.1. By uniformly smoothing out the corners of the domain 
B{R, 0) n at dB{R, 0) CiQ we produce a bounded NTA domain whose har- 
monic measure at each point is asymptoticaUy optimally doubling, but whose 
boundary is not Reifenberg flat with vanishing constant. 

Proof of Proposition 3.1. The fact that fl is an NTA domain is straight- 
forward, thus the proof is omitted. Since 

dQ = {(xi,...,x„+i) C R"+^ : xl = xl + xl + xlj , 

the Kowalski-Preiss theorem guarantees that for Q G dil, and r > 0, 

7^" L5^fi(r,Q)) =a;„r". 



We introduce a new set of coordinates. Let r = y^xf + ^2 + + x^. For 
9 G [f , let X4 = rcosO, then X = (xi, 2:2, X3, X4, . . . ,Xn+i) G ^- Let 

, r cos 26 

'"(^) = 7= 

2V2a;„ smO 

Note that u = Oif0 = for6'=^, i.e. -u = on dQ. Moreover ii X e CI then 

u{X) > 0. Computing the Laplacian of u in terms of the coordinates r and 9 
one shows that tt is a harmonic function in il. Let Ti denote the inward unit 
normal vector to d^l. We have that either 

du ^ . 1 du 1 



or 



du ^ . 1 du 1 

d^ = -^"^ ^^""^ = rde 



For ^ G Cc°°(R"+^), 



_37r 
4 



/ 



in J an on ojn Jan 

Corollary 3.2 guarantees that io°° = ^TT- L d^. □ 



4. Some characterizations of chord-arc domains 
with small constant 



The notion of chord-arc surface with small constant (CASSC) was first 
introduced by S. Semmes (see [Sel, Se2]). A CASSC is a smooth hypersurface 
which divides R""*"^ into two distinct connected components and whose unit 
normal vector has small mean oscillation (i.e. the normal vector has small BMO 
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norm). They were characterized in terms of the behavior of the correspond- 
ing Chfford-Cauchy integrals. Motivated by Semmes' work we introduced the 
notion of chord arc domains (sec [KTl]). In this section we provide several 
new measure theoretic characterizations of chord arc domains with small (and 
vanishing) constant (see Definition 4.1 and Theorem 4.6). These results play 
an important role in the proof of the Main Theorem (Section 5), which com- 
bined with the results in [KTl] (Section 5 also) provide a characterization of 
chord arc domains with vanishing constant via potential theory. One of the 
technical ingredients needed in Sections 5 and 6 is Lemma 4.1. This lemma 
asserts that the surface balls on the boundary of a chord arc domain which is 
Reifenberg flat with vanishing constant can be approximated by a the graph 
of a Lipschitz function with small constant and with very small C° norm. 
Recall the definition of chord arc domain given in the introduction. 

Definition 1.11. Let 5 G (0,(5„). A set of locally finite perimeter Q (see 
[EG]) is said to be a 6- chord arc domain or a chord arc domain with small 
constant if O is a J-Reifenberg flat domain, is Ahlfors regular and for each 
compact set K C R""''''^ there exists i? > so that 

sup \\li\\^{B{R,Q)) < 6. 
QedCinK 

Here li denotes the unit normal vector to the boundary. 

Definition 4.1. Let O C R""*"^ be a domain. Q, is said to be a chord arc 
domain with vanishing constant if $7 is a chord arc domain with small constant 
and li G \MO{dn). 

Remark 4.1. Assume that for Q G dQ and r > 0, there are an n- 
dimensional plane L(r, Q) containing Q and a choice of unit normal vector 
to L(r, Q), ~nr,Q such that 

-D[d^ n B{r, Q), L{r, Q) n B{r, Q)\ < 5, 
r 

for some S G (0, 1/4-^2), and 

r+(r, Q) = {X = {x, t) = x + t'nr,Q G B(r, Q) : x G L(r, Q), t> 25r} C 
and 

T-{r,Q) = {X = {x,t) =x + tlir,Q G B{r,Q) : x G L{r,Q), t < -2Sr} C n". 
For s G [§,r], let 

r{s,Q) = dnn{x = {x,t) 

= x + t'rir,Q e R"+^ : X G L(r, Q), \x - Q\ < s, \t\ < s}. 
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Note that if A(r, Q) = B{r, Q)ndn, 

r(rVl - 4(52, Q) C A(r, Q) C r(r, Q). 

In fact if X = {x,t) G r(rVl - 4(5^ Q), k| < r^/l - 46^ and |t| < 2dr. 
Let n : R""^-*^ — > L{r,Q) denote the orthogonal projection onto L{r,Q). The 
separation property, and a connectivity argument guarantee that for 

n(r(rr, Q)) = {xe L{r, Q), |x - Q| < rr}. 
Thus for (5 > small if a = 7^" L dCl, 

a{A{r,Q)) > a{r{rVl^^Q)) 

> |n(r(rVl-45^ Q))| = a;„r"(l - 4(5^)5 

> (l + ,5)-W". 

In particular, if is a Reifenberg flat domain, given a compact set K C R""*"^ 
there exists an i? > 0, such that for every Q G D K and r G (0, i?], there 
exists n-dimensional plane L(r, Q) containing Q and a choice of a unit normal 
vector to L{r,Q) satisfying the hypothesis above. Thus the conclusion also 
holds. Namely if f2 is a (5-Reifenberg fiat domain for S small enough, then 
given any compact set K C R"""*"^ there is i? > so that for every Q G dQClK, 
and r G (0, R], WiBir, Q) n d^) > (1 + 5)-^uJnr'^- 

Remark 4.2. Note that if is a set of locally finite perimeter which is 
a Reifenberg flat domain then the topological boundary of and its measure 
theoretic boundary agree. In fact if O is Reifenberg flat for each compact set 
K C R"+^ there exists > such that for all Q G 90 n and r G (0, R] 
there exists an n-dimensional plane C{r, Q) containing Q and a choice of unit 
normal vector to C{r,Q), Tir^Q satisfying 

'T+ir, Q) = {X = (x, t) = x + t'nr,Q G S(r, Q) : x G C{r, Q), t > ^r} C n, 
and 

T-{r,Q) = {X = {x,t) =x + tlir,Q G B{r,Q) : x G C{r,Q), t < --r} C n^. 
Therefore for all Q G dO,, 



lim sup n > i 

r^Q a;„+ir"+i " V4. 

and 

lim sup ^ n > - 

where u)n+i denotes the volume of the unit ball in R"+^. Therefore for Ti^ a.e. 
Q G do. there exists a unique measure theoretic inner unit normal 'n{Q) such 
that the Gauss-Green theorem holds, 



/ divipdx = — / If ■ 'n{Q)da{Q), 
Jci Jdn 
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for all if G C^(R"^^, R""*"^). For further discussion of sets of locally finite 
perimeter, and the measure theoretic unit normal see [EG, Ch. 5]. Note that 
if is a set of locally finite perimeter and if and QP satisfy the corkscrew 
condition a similar argument proves that the topological boundary of and 
its measure theoretic boundary agree. 

In his study of chord arc surfaces with small constant Semmes proved a 
very useful decomposition lemma. The result also holds in the more general 
setting. 

Definition 4.2. Let O C R"^^ be a set of locally finite perimeter which is 
a Reifenberg flat domain. Let (5 > 0. We say that is 5-Semmes decomposable, 
if for each compact set K C R""*"^ there exists i? > such that for P G 9i7 n K 
and < r < i? there exists a Lipschitz function h : L{r, P) = {Ti(r,Q))-^ R, 
||V/i||oo < S, whose graph Q = {X = {x,t) G R"+^ : t = h{x)} approximates 
dn in the cylinder C{r,P) = {{x,t) : x G L{r,P) n B{r,P),\t\ < r} in the 
sense that 

a{C{r, P) n {{dn\g} U {g\dn})) < Ci exp(-^)a7„r", 



for some Ci,C2 > 0. Moreover, C{r,P) n d^l = G U B, where a{B) < 
Ci exp(— ^)a;nr"', G C G, and where Q & B implies 

\Q - (n(Q), h{um)\ < (5dist(n(Q),n(G)). 

Also n(C(r, P) n dn) = {\x -P\< r}. 

Note that if O c R""*"^ is (5-Semmes decomposable, then dU is a 26- 

Reifenberg flat set. Thus when talking about (5-Semmes decomposable domains 
we always assume that 6 G (0, 5n/2), where 6n is the constant that appears in 
Definition 1.10. 

Theorem 4.1 ([Sel], Semmes Decomposition). There exists d{n) > 
so that for 6 G (0,5(n)), and O a set of locally finite perimeter, if is a 
6- Reifenberg flat domain and if for each compact set K C R"''"''^, there exist 
R > and C > 1 such that 

(4.1) (T(A(r, Q)) < Cr" for Q e K n dn, and r G (0, R], 

and 

sup \\li\\^{B{R,Q)) KS"^, 
QednnK 

then Q is 5-Semmes decomposable. 

Note that, in particular, by Remark 4.1 this implies that for r G (0, i?], 
and P G ii: n 50 

A(r,P) = G{r,P)UE{r,P), 
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where G{r,P) C G and a{E{r,P)) < Cexp(-C2/(5)a(A(r, P)). Here G is the 
graph of the Lipschitz function h that appears in the Semmes decomposition. 

Condition (4.1) and Remark 4.1 guarantee that under the hypothesis of 
Theorem 4.1, dU is a space of homogeneous type in the sense of Coifman and 
Weiss [CW]. Therefore the estimates for the Hardy-Littlewood maximal 
function hold on dU. Using the same Calderon-Zygmund decomposition for 
the unit normal li (which exists almost everywhere in dU), and the same 
degree theory argument as in the smooth case, we conclude that the Semmes 
decomposition is valid in this context. It is clear then that: 

Theorem 4.2. There exists 5{n) > so that for 5 G {0,6{n)), and Q 
a set of locally finite perimeter, if is a 6-Reifenberg fiat domain, and if for 
each compact set K c R"''""'^ there exist R> and C > 1 such that 

(7(A(r, Q)) < Cr"" for Q e K n dQ, and r G (0, R], 

and 

sup \\limB{R,Q)) <5'^, 
QedcinK 

then for every Q G dft Ci K and every r G (0, R], 

(1 + Sy^LUnr'' < a(A(r, Q)) < (1 + 5)a;„r". 

Theorem 4.3 ([KTl], Theorem 2.1). There exists 5{n) > so that for 
5 G (0,5(n)) and ^1 a set of locally finite perimeter, if 0, is a 6-Reifenberg flat 
domain, and for each compact set K C R"^^ there exists R> such that 

a{A{r, Q)) < (1 + Spnr"" ^QedQnK and Vr G (0, R], 

then 

(4.2) sup \\lt\U{B{^,Q))<cV6, 

QeKnan ^ 

i.e. O is a chord arc domain with small constant. Here C is a constant that 
depends only on the dimension. 

Combining the results obtained in Section 2, and in this section, we provide 
a new characterization for chord arc domains in terms of surface measure and 
Reifenberg flatness. Namely: 

Theorem 4.4. Let n = 1,2. Given d > 0, there exists rj > 0, such that 

if Q is a set of locally finite perimeter whose topological boundary agrees with 
its measure theoretic boundary, and if for each compact set K C R"""*"^ there 
exists R > such that 
(4.3) 

(1 + vy^conr"" < (T(A(r, Q)) < (1 + r/)a;„r" yQedUnK and Vr G (0, R], 
then ^ is a 6- chord arc domain. 
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Remark 4.3. In particular the above theorem asserts that an Ahlfors 
regular domain (see [D]) with constant close to 1 in or in is a chord 
arc domain. On the other hand a bounded domain with a cusp, smooth away 
from the cusp, is an Ahlfors regular domain, which is not a chord arc. 

Theorem 4.5. Let n> 3. Given 5 > 0, there exists ij > 0, such that if 
Q is a set of locally finite perimeter which is a Reifenberg flat domain, and if 
for each compact set K C R"^^ there exists R > such that 
(4.4) 

(1 + vr^^nr"" < (T(A(r, Q)) < (1 + v)^^nr'' ^QednnK and Vr G (0, R], 

then Q is a 5- chord arc domain. 

Proof. Note that in both cases the topological boundary of Q agrees 
with its measure theoretic boundary, i.e. a = 7^" L d^. Moreover con- 
ditions (4.3) and (4.4) guarantee that as long as rj is small enough cr is a 
3?7-approximately optimally doubling measure measure. Theorem 2.3 asserts 
that there exists rj{6, n) G (0, 5) so that if < r]{8, n) then dVl is 5-Rcifenberg 
flat. Moreover, when C^Jfi < 6 where C is as in (4.2), Theorem 4.3 in- 
sures that for each compact set K c R""*"^ there exists ii!o > so that 
swpQ^QQf^j^\\'n\\{B{Ro,Q)) < S. Thus the only remaining thing to check is 
that satisfies the separation property (see Definition 1.9), in the case where 
n = 1, 2. We proceed by contradiction. If the separation property did not hold, 
a connectivity argument, plus the fact that dO, is (5-Reifenberg flat would allow 
us to show that there exist s > and Q G dU such that for every P e A{s,Q) 
either 

n^+\Bir,p)nn) 

lim sup = 



or 



H"+^(S(r,P)nn^) „ 

lim sup — ^ ±z = 0. 



-»0 (^n+ir 

This contradicts the assumption that the topological boundary of agrees 
with its measure theoretic boundary. □ 

Theorem 4.6. Let Q C R""*"^ be a set of locally finite perimeter which 
is a 6- Reifenberg flat domain. The following statements are equivalent: 

1. Q is a chord arc domain with vanishing constant. 

2. is a Reifenberg flat domain with vanishing constant, and 

r ^(A(r,Q)) 

lim sup = 1. 

'■^0 QedQnK i^nr'^ 
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3. For each compact set K C R" 

We finish this section by giving a version of the Semmes decomposition 
lemma for chord arc domains which are Reifenberg flat with vanishing constant. 
This geometric lemma plays a key role in Sections 5 and 6. 

Lemma 4.1. There exists So{n) > such that, if Q is a 5-Semmes decom- 
posable domain with 5 < Sq, and for each compact set K C R"^"*^ there exists 
ro > such that, for Qo £ dfl n K and r G (0, ro) there is an n-plane L{r, Qq) 
containing Qq, and satisfying 

-D[dn n B{r, Qo),L{r, Qo) n B{r, Qq)] < s, 
r 

where e > is small {in particular e < 5), then for r G (0, ro) there exists a 
Lip schitz function (p : L{r,QQ) R such that ||V0||oo < C{n)(5 + e), whose 
graph Q = {{x,t) G R"""*"^ : t = 4>{x)} approximates 90 in the hall B{r,Qo) in 
the sense that 

A{r,Qo) = g{r, Qo)U£{r, Qo), 

where 

Q{r, Qo) C g and a{£{r, Qo)) < Ci exp(-^)a(A(r, Qo)), 



for some C\,C2 > 0. Moreover ifH : KT''^^ — ^ L{r,Qo) denotes the orthogonal 
projection then 

sup {(pl < er, and sup \(f)\ < C{n){e + S)r. 

n(e(r,(3o)) B{r,Qo)nL{r,Qo) 

In particular, Lemma 4.1 asserts that if is a chord arc domain which 

is Reifenberg flat with vanishing constant, Scmmcs decomposition can be im- 
proved in the sense that we get a better estimate for the suprcmum of the 
function whose graph approximates 90. This apparently minor detail plays 
an important role in the proof of the Main Lemma in Section 5. 

Proof. Let e' = e'{e) G (0, ^). Let 5 G (0,Sn) and assume that O is a 
(5-Semmes decomposable domain. In particular there exists R > such that 
for r G (0, R) and Qq G K D 90 there exist an n-dimensional plane A(r, Qo) 
and a Lipschitz function h : A(r, Qo) R such that ||V/i||oo < ^ and whose 
graph Q = {{x, t) G R""*"^ : t = h{x)} approximates 90 in the ball B{r, Qo) in 
the sense that 

A{r,Qo) = g{r, Qo)US{r, Qo), 
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where 

Gir,Qo) C g and a{S{r,Qo)) < Ci exp(-^)a(A(r, Qo)), 



for some Ci,C2 > 0. Recall that being 5-Semmcs decomposable also guar- 
antees that if Q G C{r,Qo) n dQ where C(r, Qo) = {ix,t) : x G A(r, Qo) n 
B{r,Qo), \t\ < r} then 

\Q - (no(Q), h{Uo{Q)))\ < 6dist{Uo{Q),Uo{g{r, Qo))). 

Here IIo denotes the orthogonal projection of R"^^ onto A(r, Qo)- In partic- 
ular \h{Ilo{Qo))\ = \h{Qo)\ < 6r which implies that for Q G C(r, Qo) n d^l, 
|/i(no(g))| < 6\Uo{Q) - Qo\ +Sr< 2Sr. Hence 

dn n B{r, Qo) Cdnn C(r, Qo) C (A(r, Qo) n B{r, Qq), 26r) . 

Moreover Ho(C(r, Qo)ndn) = A(r, Qo)n-B(r, Qo)- For X G A(r, Qo)nB(r, Qo) 
there exists F G A(r, Qo) n - 4(5)r, Qo) such that \X -Y\ < 4(5r. There 
exists Q G C(r,Qo)naO such that no(Q) = Y. Thus \Y-Q\ = |no(Q)-Q| < 
|(Ho(Q),/i(no(Q))) - Ql + |/i(Ho(Q))| < 5r + 25r < 35r, and |Q - Qo| < 
|no(Q) - Qol + 3Jr < r. Hence |X - Q| < \Y - Q\ + \X - Y\ < 76r. We 
conclude that 

A(r, Qo) n 5(r, Qo) C (dn n 5(r, Qo), 75r) , 

and 

(4.5) l^ldn n S(r, Qo); A(r, Qo) n B{r, Qo)] < 7S. 

Our hypotheses guarantee that for every r G (0, ro) there exists an n-dimensional 
plane L{r, Qo) such that 

(4.6) -D[dn n 5(r, Qo); i:(r, Qo) n B{r, Qo)] < e. 

r 

Combining (4.5) and (4.6) we obtain that the angle between A(r, Qo) and 
L(r, Qo) is small. More specifically 

d(A(r, Qo), i^(r, Qo)) = £»[A(r, Qo) n S(l, Qo); L(r, Qo) n B{1, Qo)] < 7^ + e. 

In fact if X G A(r, Qo) H 5(1, Qo), (4.5) guarantees that there exists Q G 
do. n B{r,Qo) such that |r(X - Qo) + Qo - Ql < 7(5r and (4.6) insures that 
there exists Y G L{r,Qo) Ci 5(1, Qo) such that \r{Y - Qo) + Qo - Q| < sr. 
Therefore |X - y| <75 + e. This proves that 

A(r, Qo) n B{1, Qo) C (L(r, Qo) n B{1, Qo), 75 + e) . 

The other inclusion is proved in exactly the same manner. Our goal is to show 
that A(r, Qo) can be well approximated by the graph of a Lipschitz function 
(I) : L(r, Qo) — ^ R. Let T^o be the unit normal vector of A(r, Qo) and "n^o be 
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the unit normal vector of L{r,Qo). Provided that we choose the appropriate 
orientation, (l?o,^o) = ^1 - (75 + e)'^ > 1/2 for 6 G (0,1/32) and e G 
(0,1/16). Let n : R'*'^"^ — > L{r,Qo) denote the orthogonal projection. We 
claim that 11 is one-to-one on Q{r, Qo). In order to simplify the computations 
we may assume, without loss of generality, that Qo = 0. If P,Q £ ^(r, 0) 
then P = p + /i(p)l?0; and Q = q + h{q)lyo, where p,q £ A(r, 0) fl B{r, 0). If 
n(Q) = n(P) then 

n(P) = P - {P,lio){'no- {110,1^0)1/0) - {P,lio){7io,T^o)l/o, 
Il{Q) = Q - {Q,lio){lio- {'nQ,l^o)~i^o) - {Q,^Q){'^no,^Q)^o■ 
l^ence, 

(4.7) p- q- {P - Q,lio){lio - {li 0,1^0)1/0) 

= {P -Q, lio){lio, 1^0)^0 + {h{q) - h{p))l^o. 

Note that 

(4.8) p-q - {P-Q, lio){'rio - {lio, ^0)^0) € A(r, Qo) = C^^o)^- 
Combining (4.7) and (4.8) we have that 

{P - Q, lio){lio, '^0) = h{p) - h{q), 

which implies 

(4.9, m^(l_(^„,T?„).). 

Combining (4.7), (4.8) and (4.9) we have 

p-q = {p- q,lio){liQ~ {1iq,1/q)1/q) 

+ {Kp) - h{(l)){'^o, 'no){'no - {'no, 1/q)1/q), 

and 

Ip-^I < \{p-q,^o)\ + \Hp)-HQ)\, 

\p-q\ < {-—^'^ + l)\h{p)-Hq)\, 

\p-q\ < 3\Hp)-h{q)\<35\p-q\<^\p-q\, 

which implies that p = q, and therefore P = Q. Hence for p € n(^(r, Qo)) C 
L(r, Qo) there exists a unique P & Q{r,Qo) such that 11 (P) = p. We can define 
ip : U{g{r, Qo)) ^ R by ip{p) = {P - p, ^o)- Let p,q e U{g{r, Qo)); by the 
definition of (p we know that there exist P,Q & g{r, Qo) such that 

P = p + (p{p)lio = p + h{p)l/o and Q = q + (p{q)lio = q + h{q)l/o, 
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where p,q G A(r, Qo) H B{r,Qo). In order to prove that f is Lipschitz in 
Il{Q{r,Qo)) we compute 

\(p{p) - ip{q)\ < \{p- q,Ti o)\ + \h{p) - h{q)\{li 0,1^0) 

< \{p-q,Tio-'i^o)\ + \Hp)-h{q)\ 

< \p-q\{S+\lio-l^o\) 



< \p-q\[6 + ^2{l-{l/o,no)) 

< (156 + 2e)\p - q\ 

< (156 + 2e)\P - Q\ 



Thus 



< {156 + 2e)^\p-q\-^ + \^ip)-^{q)\^ 

< {15d + 2e){\p-q\ + \^{p)-ip{q)\)- 

Hlf)-'piq)\<A{15d + 2e)\p-q\. 



The extension theorem for Lipschitz functions guarantees that there exists a 
Lipschitz function <p : L(r, Qq) R such that f = (t>\u{g{r;Q(,)) so that 
||V(^||oo =^V(/>||oo < 4(15,5 + 2e) (see [EG, Ch. 3, Th. 1]). Up£ n(g(r,Qo)), 
P = p+ip{p)lio G Q{r, Qo) C {L{r, Qq), er) which imphes that \(p{p)\ < er. □ 



5. Poisson kernel estimates on chord arc domains 



In Sections 5 and 6 we provide a characterization of chord arc domains 
with small constant in terms of the doubling properties of their harmonic mea- 
sure and the oscillation of the logarithm of their Poisson kernel. We prove 
that if the harmonic measure of a chord arc domain with small constant is 
asymptotically optimally doubling and the logarithm of its Poisson kernel has 
vanishing mean oscillation then the domain is a chord arc domain with vanish- 
ing constant. In [KTl] we established the converse of this result, i.e. that on a 
chord arc domain with vanishing constant the harmonic measure is asymptoti- 
cally optimally doubling and the logarithm of the Poisson kernel has vanishing 
mean oscillation. In Section 5 we establish several estimates that are satisfied 
by the Poisson kernel of a chord arc domain with small constant O, whenever 
its logarithm has vanishing mean oscillation, and the corresponding harmonic 
measure is asymptotically optimally doubling. Some of these estimates allow 
us to compare the Poisson kernel of Q, to the Poisson kernel of an appropriate 
half space (see Corollaries 5.12 and 5.13). In Section 6 we exploit this relation- 
ship by means of Rellich's identity (see [JK3]) applied to both J7 and the half 
space mentioned above. The Main Theorem should be understood as a result 
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about the regularity of a free boundary under weak conditions. From informa- 
tion about the measure whose density is the normal derivative of the Green's 
function (i.e the Poisson kernel), and this normal derivative on the boundary 
of the domain, we obtain results about the regularity of the boundary. 

Initially we recall some results proved in [KTl]. If O is a 5-chord arc 
domain for S small enough, we know that the surface measure and the harmonic 
measure are mutually absolutely continuous (see [DJ], [KTl], [Se3]). For X G 
ri, kx = denotes the Poisson kernel. The statements appear here in their 
scale invariant form. Since the proofs are identical to the ones presented in 
[KTl], we omit them. 

Definition 5.1. Let Q C R"^"*^ be an unbounded domain. Let S G (0, 
We say that $7 is a {6,oo)-chord arc domain if O is a set of locally finite 
perimeter such that 

(5.1) sup sup 6{r,Q) < 5, 

r>0 QedQ 

and 

(5.2) cT(A(r, Q)) < (1 + (5)a;nr" for QedQ and r> 0. 

Here a = H"" L dO,, where H"^ denotes the n-dimensional Hausdorff measure, 
and LOn denotes the volume of the n-dimensional unit ball in R". 

Note that this definition could also have been stated in terms of the prop- 
erties of the unit normal vector to the boundary (see Theorems 4.4 and 4.5). 

Theorem 5.1 ([KTl], Corollary 5.2). Given e > 0, there exist 6i{e) > 
and N{£) > 1 such that, if is a {5i,oo)-chord arc domain, for N > N{£), 
Q edn, s>0 andX e n\B{Ns, Q), 

/.} riw [ l^ogkx - {log kx)s,Q\dcr < e. 
a{A{s,Q)) Ja{s,Q) 

Here {logkx)s,Q = „[A{s,q)) Ia{s,q) logkxda. 

Theorem 5.2 ([KTl], Corollary 5.2]). Given e > 0, there exists Si{e) > 
so that, if Q, is a bounded Si- chord arc domain, there exist N{e) > 1 and 
s(£,dianir2) > such that for N > N{e), s G (0, s(£, diam J7)), Q G 50, and 
X G n\B{Ns, Q) 

(.} I |log^^ - {\ogkx)s,Q\dcr < e. 
a{A{s,Q)) JAis,Q) 

The next statements follow directly from Theorem 5.1 and Theorem 5.2 
above. For a proof of this general fact see [GCRdF] . 
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Corollary 5.1. There exist 6i > and Nq > 1 such that, if Q is a 
{Si, oo)- chord arc domain, for N > Nq, s > 0, Q E dil and X G Q\B{Ns, Q), 

(5-3) I ,,^^,, f klda] < 2—-^—— f kxda. 

^ ' \aiAis,Q)) JAis,Q) ^ y - aiA{s,Q)) JAis,Q) 

Corollary 5.2. There exists 5i > so that if VL is a hounded 5i-chord 
arc domain, there exist Nq > 1 and so > so that for N > Nq, s G (0, so), 
Qedn andX£ n\B{Ns, Q), 

\a{A{s,Q)) Ja{s,Q) ^ y - a{A{s,Q)) JAis,Q) 

Prom now on every time we talk about a {6, oo)-chord arc domain, it should 
be understood that S < 6i. In particular, such an ^} is an unbounded NTA 
domain (see [KTl] for a proof) and (5.3) holds. Corollary 3.2 guarantees that 
for € do, there exists a unique doubling Radon measure io°° = to supported 
on d^} satisfying: 

(5.5) / ^du}= [ uA^ y^peC^iTC^^) 
where 

Au = inn 

(5.6) { u>0 inn 



and 



u = on dn, 



w(A(l,Q,)) = 1. 



Furthermore ii Q £ dn and s > for y G n\B{Ns,Q), N > No, Corollary 
5.1 implies that 



1 



(/ (tW^)'^^)' ^ 2{a{A{s,Q)))-U T^p^rf^, 

\JAis,Q) Cr[y,A^) J JAis,Q) Cr(y,A^) 

where = A{1, Q*). Corollary 3.2 and its proof guarantee that 
(5.7) - M = «oa;, as |y| ^ oo 

where kq = /x(A(l, Q*)). Hence for a compact set K c B{s, Q), 

sup 

Yen\B{Ns,Q) 



j L^Knan) < Ck- 

l\B(Ns,Q) <^{y,A*) 



FREE BOUNDARY REGULARITY 



407 



Given a sequence {Yj} C ^l\B[Ns,Q) such that — > oo as j ^ oo there 
exist ho G L^^^{da) and a subsequence {Yjr} such that 

-ho in L\A{s,Q)). 



G{Yf,A^ 



Letting s — > oo, and taking a diagonal subsequence {Yj^} of {Yj/}, we conclude 
that 

(5.8) G^^"" 
Combining (5.7) and (5.8) we conclude that ii h = ^ 



(5.9) r'tv' A ~^ '^oh in Lfo(,(5n) as |y| — oo and doj = hda. 
In particular (5.5) becomes 

(5.10) / ^hda= [ uA^ G C;?^(R" 
Jdci Jn 



Here h denotes the Poisson kernel of with pole at oo. In particular u G 
Aoo{cr), and for s > and Q G d^l 



^ I h^da] < 2— -I—— [ 
Ja(s,Q) / - a(A(s,Q))JA( 



hda. 



\a{A{s,Q)) Ja{s,Q) J a{A{s,Q)) Ja{s,Q) 

This follows from the corresponding inequality for q^P^^^^ above, and the lower 
semi-continuity of the norm under weak convergence. 

Main Theorem. Let Q C R""*"^ be a {5i,oo)-chord arc domain. Assume 
that u is asymptotically optimally doubling and that logh G VMO(do"). Then 

there exists S{n) > such that, if Q is a 6- chord arc domain, ^ is a chord arc 
domain with vanishing constant {i.e. 'n & \M.O{dQ)). 

Wc note that the condition that be a {5\ , oo)-chord arc domain is a global 
condition on d^l, which should be understood as a technical condition. It is 
only used to guarantee that O is an unbounded NTA domain and that Corollary 
5.1 holds in its scale invariant form. The essence of the theorem is local, in the 
sense that both the hypotheses and the conclusions are local statements that 
arc satisfied uniformly on compact sets (sec for instance Theorem 5.4). The 
main theorem is an easy consequence of the following lemma which is a decay 
type estimate. (See Definition 1.8 (vector- valued version) for the definition of 
^^VQeKndQ \\'n\\*{B{R, Q))). 
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Main Lemma. Let Q C R""*"^ be a {6i,oo)-chord arc domain. Assume 
that Lo is asymptotically optimally doubling and that logh G VMO(do"). Then 
there exists S{n) > so that for 6 G {0,S{n)], K C R""'"''^ a compact set and 
R>0 if 

sup \\li\\^{B{R,Q)) < d; 

then there exists r > such that 

sup \\'n\\^{B{r,Q)) < -. 
QeKndn ^ 

We now indicate how the main theorem follows from the main lemma. 

Assume that Q satisfies the hypotheses of the main theorem, and that is a 
(5-chord arc domain, for d £ {0,5(n)] (where S{n) is as in the Main Lemma). 
For each compact set K C R"^'^^, there exists ro > 0, such that 

sup \\li\\*{B{ro,Q)) < 6. 
QeKndn 

Then there exists ri G (0, ro) such that 

sup II n'||*(5(ri,Q)) < -. 
QeKndn ^ 

Applying the main lemma inductively, we construct a sequence {rfejfe, with 
rfe 1 satisfying 

sup II ra'||*(S(rfe,(3)) < -r. 

QeKndn ^ 

Since 

sup \\li\\*{B{s,Q)) < sup \\li\\*{B{r,Q)), 
QeKndn QeKndn 

wherever < s < r, we conclude that 

lim sup \\Ti\\^{B{r,Q)) = 0. □ 
'■■^0 QeKndn 

The rest of Section 5 and all of Section 6 are devoted to the proof of 
the main lemma. There are several ideas behind this proof. First, since u 
is asymptotically optimally doubling, and is Rcifcnbcrg flat, then J7 is a 
Reifenberg flat domain with vanishing constant (see Theorem 3.4). There- 
fore, locally, its boundary can be well approximated in the Hausdorff distance 
sense by n-dimensional planes. This provides a way to compare the harmonic 
measure of Q to the harmonic measure of the appropriate half space (sec The- 
orem 5.5). It also gives us an improved version of the Semmes decomposition 
lemma (see Lemma 4.1). Second, the fact that log/i G VMO((?0) is telling 
us that, locally, the oscillation of h is small (except for a very small set) (see 
Lemma 5.6). This allows us to compare the Poisson kernel of CI to the Poisson 
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kernel of the appropriate half space, in a large set, which is also "regular" from 
the geometric point of view (see Corollary 5.13). Third, we follow Jerison's 
idea (see [J]) to use Rellich's identity (see [JK3]) for dO,, and for the boundary 
of the half space mentioned above (see Corollaries 6.2 and 6.3). An integration 
by parts, combined with our improved version of the Semmes decomposition 
lemma (see Theorem 6.1 and the proof of inequality (6.26)) and the fact that 
the density function (see [Si] for the definition) is bounded below by a constant 
very close to 1 on di^, lead to the proof of the main lemma (see inequality 6.55 
and Corollary 6.6). 

Note that there is nothing special about the harmonic measure with pole at 
infinity and its corresponding Poisson kernel. In particular, similar results hold 
for bounded and unbounded chord arc domains with small constant for which 
the harmonic measure with finite pole is asymptotically optimally doubling 
and the logarithm of the corresponding Poisson kernel has vanishing mean 
oscillation. Roughly speaking, since all the results are local, once we focus our 
attention on small balls centered at the boundary, the distance from the pole 
to the boundary becomes very large with respect to the radius of the balls, 
and hence similar results hold. 



Theorem 5.3. Let Q, C be a {6i,oo)- chord arc domain. There 

exists 5 > such that if Q is a S- chord arc domain, oj^ is asymptotically 
optimally doubling and \ogkx G YMO{da), for some X E then Q is a 
chord arc domain with vanishing constant. 

Theorem 5.4. There exists S > 0, such that if is a bmmded S- chord 
arc domain, co^ is asymptotically optimally doubling, andlogkx £ VMO{da), 
for some X G O, then is a chord arc domain with vanishing constant. 

The proofs of Theorems 5.3 and 5.4 are very similar to the proof of the 
main theorem. Thus, as we go along, we indicate how to modify the arguments 
where the proofs differ. 

Let Qo G R-"+\ M > 1, /C > 4, s > 0. Let L{MJCs,Qo) be an n- 
dimensional plane containing Qo- Let "n^(M/Cs, Qo) be a unit normal vector 
to L{MK.s,Qq). We denote by 

C{MK.s,Qq) = {{x,t) =x + t'n{MK:s,Qo) :x e L{MK:s,Qo), 

\x - Qq\ < MKs, \t\ < MKs}, 

C+{MlCs,Qo) = {{x,t) = x + tli{MlCs,Qo) : X e L{MlCs,Qo), 

\x - Qo\ < MK.S, 0<t< MKs}, 

A{M)Cs,Qo) = A = Qo + sli{M)Cs,Qo) eC-^{M)Cs,Qo), 
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and by a;+ the harmonic measure of C^{MICs,Qo). We denote by loq the 
harmonic measure of the half space 

{{x,t) =x + tn{MlCs,Qo) G R''+^ : x e L{MICs,Qo),t > 0}. 

Recall that 

a^b if and only if < — < 1 + e. 

The results in Lemmas 5.1, 5.2, 5.3 and Theorem 5.5 are essentially contained 
in [KTl], although the dependence on the parameters is slightly different. The 
following lemma describes the doubling properties of the harmonic measures 
of a cylinder and of a half space. 

Lemma 5.1. Given e > and M > 1, there exists 9i{e,M) e (0, 1) such 
that for every s > 0, /C > 4, Q G L{MlCs,Qo)nB{Ms,Qo), andri,r2 G {0,9is) 
the following hold: 

^f(A+(ri,Q)) /ri' 



a;f(A+(r2,Q)) ^ \r2 

and 

(^u) a;o^(A+(ri,Q)) /n 

^ ■ ^ a;o^(A+(r2,Q))?Vr2 
Here A+(r, Q) = B{r, Q) n L(M/Cs, Qo)- 

Proof of Lemma 5.1. Without loss of generality we may assume that Ms 
= 1. Let ri G (0, jj) for some G (0, 1) to be determined. Let — ) denote 

the Green's function of C+(/C, Qo) with pole at A = Qo + jj'n{MKs, Qo) and 
^^^dn '~^ denote its normal derivative. Let A1/2 = ^ = Qo+ 21? ^(-^^^' ^o)- 
Note that sup^Y={x,t):\x\<2,o<t<^}G+{AY) < CnM'^^-^) , and G+{A,A^/2) 
~ M~^'^~'^\ The boundary regularity theory guarantees that since /C > 4, 
log '^'^^Q^' is a C°° function on A+(2, Qo)- The Hopf boundary point lemma 
asserts that for Q G A+(l,Qo), > C{n,M). For Q G A+(l,Qo) and 

PGA+(ri,Q)c A+(2,Qo), 



^ dG+{A,P) _ 9G+(AQ), 
I dn dn ' 



< C(n, M)\P - Ql < C(n, M)— = C(n, M)^. 



Since 

a;^(A+(ri,Q)) _ /a+(.„q) 



.f(A,(..,Q)) ^^^#^c/.' 

l-C(n,M)g \ /riV" ^ cu:^(A+(ri,Q)) ^ / l + C(n,M)g \ /riN" 
l + C(n,M)0Ar2y - a;^(A+(r2,Q)) - Vl-C(n,M)0Ar2y 
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Choose 9i{£,M) G (0, 1) so that for 6 < Oi, ltc^^[M)e < 1 + £• The proof of 

(5.11) is identical to the previous one. □ 

Remark 5.1. Note that if lo is asymptotically optimally doubling and 
n is Reifenberg fiat then CI is Reifenberg flat with vanishing constant. Let 
K c R""*"^ be a fixed compact set. Let K' = {K, 1), note that K' is a compact 

set (namely the closure of the 1-neighborhood of K). Then for C > 0, M > 1 
and /C > 4 there exists s = s{(, M,JC) > such that VnTlMICs < 1, 

(5.12) sup 9K'ir)= sup sup e{r,Q) < J",^^ , 

0<r<VH+TM/Cs 0<r<v/H+TM/CsQe9Onif' lOIVI 

and 

sup Ok'{t) < 



0<r<ynTTM/Cs V + 1 

\i Qq ^ K r\ do. there exists an n-dimensional plane L{MJCs, Qq) containing 
Qq and such that 
1 



MKs 



D[dn n 5(VnTTM/Cs, Qq),L{MICs, Qo) n B{VnTlMICs, Qo)] < C- 



Note that C{MK.s, Qq) C S(Vn + IM/Cs, Qo)- We assume that n{MK.s, Qo), 
the unit normal vector to L{M]Cs,Qo), has been chosen so that if {x,t) = 

X + tli{MICs, Qo), then 

B{V^^:TTM]Cs,Qo)n{{x,t) G R"+i : x G L{MKs,Qo),t> 2CM/Cs} C ^. 

We denote by Ct{MK,s,Qo) = n C{MlCs,Qo) and by lD its harmonic 
measure. Even though Q[MlCs, Qo) might not be an NTA domain, all points 
in 1^{^^^,Qq) are nontangentially accessible. Moreover the Harnack chain 
condition holds on B{ ^!^^ , Qo) H Thus the results quoted at the beginning 
of Section 3 hold for u on B{^,Qo) n n. Let H : R"+^ ^ L{MlCs, Qo) be 
the orthogonal projection. Note that since (5.12) holds A = Qo + s'n{MlCs, 
Qo) G n{M}Cs, Qo). Note also that if 6* G (0, ^), Q G A{Ms, Qo) and L{es, Q) 
is an n-plane containing Q, satisfying the conditions described in Definition 
1.9, and such that 

^D[dn n B{es, Q),l{9s, q) n b{9s, q)] < c, 

as 

then 

d{LiMICs,Qo),L{es,Q)) 

= D[{L{MJCs, Qo) - Qo) n B{1, 0), {L{es, Q)-Q)n B{1, 0)] < 
(see proof of Lemma 3.1 in [T]). Therefore if K{MKs,Q) = L{MKs,Qo) 

-iQo-Q), 

^D[dn n B(ds, Q),A(MlCs, Q) n BiOs, Q)] < 

Os 
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Moreover, the same argument proves that forl/2<r<yl — ^ ^-^^^ j 

j:p-^D[d^ n B{eTs, q),a{mics, q) n B{eTs, q)] < 



It is not difficult to see that, for ^ > smah, and the appropriate choice of 
unit normal, 

{X = {x,t)=x + t'n{MK.s, Qo) : 

X e A(M/Cs, Q), t > 4^^^s} n B{eTs, Q) C Vl, 

u 

and 

{X = {x,t) = x + tn{MK.s, Qo) : 

X G A(M/Cs, Q), t < -i^^s} n B{9ts, Q) C n^, 

u 

Remark 4.1 guarantees that 

v{eTs,Q) c A(0s,g) c r(0s,Q), 

where 

T{eTs,Q) = ^nf^{{x,t) ■ X e L(M/Cs,Qo), k - n(Q)| < ^rs, |i| < Ots}. 

Since L(MICs,Qq) and A{MICs,Q) are parallel planes, Remark 4.1 also guar- 
antees that if n : R""*"^ — > L{MlCs, Qo) denotes the orthogonal projection onto 
L{M}Cs,Qo), then 

n {Tiers, Q)) = {xe L(M/Cs, Qo), \x - U{Q)\ < Ots}. 

The notation introduced above is adopted for the rest of the paper. In par- 
ticular, we also fix ^ > as above. We would like to warn the reader that in 
several of the results stated in Sections 5 and 6, a parameter /C > 4 appears 
in the hypothesis but seems to vanish in the conclusions. The reader should 
keep in mind that the point A defined above always depends on /C. Thus 
in most such statements the dependence on /C is hidden in A. The key fact 
to remember about the point A is that it can be neither too close nor too 
far from the boundary as controlled by the various parameters which appear 
above, namely 6, M, and /C. Note for example that this balance in the rela- 
tive distance of the point A to the boundary is what allows us to insure that 
A = Qo + sTi{MICs,Qo) G Q{MlCs,Qo). One should also remember that all 
the constants depend implicitly on the compact set K C R""*"^ which is fixed, 
and on the modulus of flatness in the Reifenberg vanishing condition. 



FREE BOUNDARY REGULARITY 



413 



Lemma 5.2. Let be a Reifenberg flat domain with vanishing constant. 
Given e > 0, M > 1 and 9 G (0, 1) there exists /C(e, M,9) > 4 such that 
iflC> IC{e,M,9) there is s{M,9,JC) > so that for s G {0,s{M,9,JC)) and 
QeA{Ms,Qo), 

Note that in particular this lemma applies to the half space 
{(x,t) G R"^^ : X G L{M}Cs,Qo),t > 0} and the corresponding cylinder 
C+(M/Cs, Qo)- That is, using the notation introduced above we have: 

Corollary 5.3. Given e > 0, M > I and 9 G (0, 1) there exists 
)C{e,M,9) > 4 such that if IC > 1C{£,M,9) then for every Q G B{Ms,Qo) D 
L(MICs, Qo) and every s > 0, 

(5.14) .i(A,(es,Q)) 

Note that Corollary 5.3 is true for every s > because 9k'{s) = 0, and 
therefore the statements in Remark 5.1 hold at any scale. 

Proof of Lemma 5.2. Since Q{MlCs,Qo) C O and for Q G A{Ms,Qo), 
A{9s,Q) C d(}{M}Cs,Qo), the maximum principle guarantees that for every 
X G n{MICs,Qo), 

1:j^{A{9s,Q))<lo^{A{9s,Q)). 

Therefore v{X) = uj^{A{9s,Q)) — uj^ {A(9s,Q)) is a nonncgative harmonic 
function on Q,{MICs,Qo) bounded above by 1. Moreover v vanishes on 
A(^^,Qo)- Lemma 3.2 asserts that 

(5.15) v{A) <C\ sup v{X) 1 ( 4-^) " < ^ ^ 



xeB{M£^,Qo)nn J V MICs J \MIC 

Since \Q + s'n{MICs,Qo) - A\ = \Q - Qo\ < Ms < 2^s the Harnack chain 
condition insures that A can be joined to Q + s'n{MICs, Qq) G by a chain 
of Ck nontangential balls. Therefore Harnack's principle and Corollary 3.1 
guarantee that for every Q G A{Ms,Qo), 



(5.16) u^{A{s,Q)) > 3-("+i)^^w'?+*"(^'=^'^°)(A(s,Qo)), 

Combining Lemma 3.1, an iteration argument, and (5.16) we have that there 
exists q > 1 depending on the NTA constants, and on the compact set 
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K C R"+^ SO that 

(5.17) u^{A{es,Q)) > C-'eiu^{A{s,Q)) > C-'j^. 
(5.15) and (5.17) yield 

(5.18) Lo^{A{es,Q)) > C-^^{MJCrv{A), 

JufC 

('-^^^(^)"^^^^^^'^^^ ^ -^(A(e-,Q))- 

Choose K:{e,M,e) > 4 large enough so that for /C > /C(£,M,6'), (1 + e)-^ < 
1 — C-Q^^fj^. Combining (5.18) and the maximum principle we conclude that 
Q e A{Ms, Qo) and /C > /C(£, M, 9), 

(1 + e)-^io^{A{es, Q)) < uj^{A{es, Q)) < u^{A{es, Q)). □ 



Lemma 5.3. Let Q be a Reifenberg flat domain with vanishing con- 
stant. Given e > and M > 1, there exists 9{£,M) G (0,1) such that, 
for 9 G {0,6{£,M)) and /C > 4, there exists s{e,M,e,lC) > so that, if 
s e (0, s{£, M, 9, V)) and Q G A{Ms, Qo), 

^-^(A(g.,Q)) 
u^{A+{9s,U{Q))) 



/c -ln^ ^ V^V'^''! ^ 1 



Proof. We introduce first the notation that will be used in the proof. Let 
S = y/n + 1 supo<^<j^^j^^;^^ OK'{r), where K' = {K, 1). Let 

C{MlCs,Qo) 

= {{x,t) : X e L{MKs,Qq), \x - Qol < MKs, 25MKs < t < MKs}, 
C{MlCs,Qo) 

= {{x,t) : X e L{MICs,Qo), \x - Qo\ < MKs, -2dMlCs < t < M/Cs}. 

We denote by lo (rcsp. uJ) the harmonic measure of C{MKs, Qq) (resp. 
C(M/Cs,Qo))- Since MICd < ^ (see (5.12)) 

A G C{MlCs, Qo) C f2(M/Cs, Qo) C C{MlCs, Qo). 

We denote by 

Q = U{Q) + 2SMlCs'n{MlCs,Qo), 

Q = U{Q)-2SMK:s1i{MK:s,Qo), 
A{p, Q) = B{p, Q) n {{x, t):t = 25MKs}, 
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and 

A(p,Q) = B{p,Q) n {{x,t) : t = -2SMlCs}. 

Let e' = e'(e) > to be chosen later, let 6{e',M) > be as in Lemma 5.1. 
Let G (0, ^0{£',M)) and rj = ri{e') G (0, ^) to be chosen later. Since $7 is a 
Reifenberg flat domain with vanishing constant we can choose s = s{e' , M, IC, 9) 
so that (5 > satisfies y^l - (MM^)2 > (i _ r]f^ le^O < < i, and Remark 
5.1 holds for C = 5. For F G A(0s(l -r/)^, Q) there exists Z G T{ds{l-'qf ,Q), 
such that n(y) = n(Z) and \Y - Z\ < A5MlCs < ^ (see Remark 5.1). Here 

T{es{l-r]f,Q) = dnn{{x,t) : X e L{MICs,Qo), 

\x-U{Q)\< es{l-7]f,\t\< es{l-rif}. 

Since r(2|i, Z) C T{es{l - 7]),Q), for Z' G r(2|^, Z), 1 - u^'{T{es{l - r,),Q)) 
= 0. Lemma 3.2 guarantees then that for Y' G {{x,t) : \x — n(Z)| < 
|i| < 2f^}ni7(M/Cs,go), 

(5.20) 1 - s^'(r(0s(i - v), Q)) < c (^^J^)'' • 

By our choice of s, inequality (5.20) holds for any Y G A(0s(l — 77)^, Q); hence 

l-^-(^(».(l-,),0))<c(l^)^ 

and 

(5.21) [^^y^ o/{A{9s{l - vf,Q)) < u^{r{es{i - v),Q)). 

Thus by the maximum principle, (5.21) holds for all X G C{MICs,Qo). Note 
that Remark 5.1 guarantees that if A(M/Cs, Q) = L(M/Cs, Qo) — {Qo — Q) 3 Q 
then 

^D[5J7 n B{es, Q), A(M/Cs, Q) n B{es, Q)] < 

Thus 



nesil - rj),Q)) C Ties J 1 - (1^)2, g) c AiOs, Q) C Ties, Q). 



Therefore 



(1 - c (^^)'') ^H^iesii - v)\Q)) < ^^Aies, Q)). 

Lemma 5.1 applied on C(M/Cs, Qo) for ri = 0s(l — r/)^ and r2 = Os yields 
(5.22) ^l-C [^^y^ (l + £')-'(l-^)'V(A(e5,Q)) < i3^(A(^s,Q)). 
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Now for Y G A(6's, Q) there is Z G A(6's,Q) such that Il{Y) = n(Z), and 
\Y-Z\< 4SMJCS. For Z' e Ai^, Z) c A{^,Q), 1 - a;^'(A(^, Q)) = 0. 

Lemma 3.2 guarantees that for Y' G {{x,t) G R"+^ : \x - U{Z)\ < \t\ < 
^}nC{MJCs,Qo), 

,5.23, 1_.-(5,J£-,Q))<C(E^)^ 

By our choice of s inequahty (5.23) holds for Y G A{9s,Q). Hence 



(5.24) (l-C (^)') ^^(A(e., Q)) < u^iAi^m- 



By the maximum principle inequality (5.24) is valid for all X G Q,{M]Cs,Qo). 
In particular for X = A, applying Lemma 5.1 on C{MK,s,Qq) for ri = 
and r2 = 9s we have that 

(5.25) (^-C (^)') ^^{A{9s,Q)) < (1 - 77)-"(l + £')^^^''(A(^s, Q))- 

Now choose 77 > so that (1 — r/)" > and s{M,lC,e' ,9) > such that 

if s G (0, s(M, /C,e',0)), and if 6 = \/n + l supq^^^^^^mks ^k' (r) then 1 - 
C{^^^Y ^ T^- Under these conditions, combining (5.22) and (5.25) we 
obtain 

(5.26) (1 + e')"V(A(es,Q)) < w^(A(0s,Q)) < {I + e'fuj^{A{9s,Q)). 
Our last step is to compare uy^{A{6s, Q)) and uj'^{A{9s, Q)). Define 

ui{x,t) =u;^'''^\A{9s,Q)) for {x,t) eC{M}Cs,Qo), 

and 

ti2(x,i) =u;(^'*)(A(0s,Q)) for (x, t) G C(M/Cs, Qo)- 

We want to compare ui{x,t — 4MlC6s) and U2{x,t) for {x,t) G 5C(M/Cs, Qo)- 
Note that if i = 2MICSs or |x-Qo| = MOs then ui{x,t- AMICds) = U2{x,t). 
Since C{MKs,Qo) is an NTA domain, and u\ is a nonnegative harmonic 
function on C{MICs,Qo) which vanishes on dC{M}Cs,Qo) n {(x,t) G R"+^ 
: t > |M/Cs}, and is bounded by 1, Lemma 3.2 guarantees that ui{x, MlCs 
-4SMJCs) < Ci6^. Therefore for {x,t) G dC{MICs,Qo) 

(5.27) uiix,t- iSMlCs) < U2ix,t) + C,S \^ ~'^f^'^' 

By the maximum principle (5.27) holds for every {x,t) G C_{MK,s,Qq). Thus 
for (5 < (5.27), combined with an interior estimate (used to compare ui{A) 
with ui{A - 4MlCdsli{MlCs, Qo))), gives 

(5.28) U^(A{9s, Q) < u/^iA{9s, Q) + €28^ . 
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The Harnack principle and the doubling properties of the harmonic measure of 
NTA domains lead, as in the proof of Lemma 5.2 (see (5.17)), to the following 
inequality 



-1 



(5.29) u^{A{es,Q)>C 

for some q > 1. Combining (5.28) and (5.29) we have that 

_ _ /VfC 

(5.30) ij\A{es, Q) < (1 + C6^-^)u;^{A{9s, Q). 

For 9 as above, choose s{M,lC,£',0) so that for s G {0,s{M,lC,e' ,6)), C5^^ 
< e' where 5 = \/n + 1 supg^^^^y^^j^^^^^ OK'{f). Under these hypotheses, 
(5.26) and (5.30) combined yield 

(i+g/)5 ^^(^(^^'Q)) ^ ^^{HOsm < (1 +£')V(A(0s,Q)). 

The maximum principle implies that 

Lu^iA+i9s,U{Q))) < iv^(A{Os,Q)), 

Lj^iAies,Q)) < uj^{A+{es,U{Q))). 

Choosing e' > so that (1 + e')^ < 1 + e, then 9 and s as indicated above, we 
conclude that 
1 



1 + e 



uj^{A+{es, U{Q))) < Sj''iAi9s, Q)) < (1 + e)u^{A^{9s, n(Q))). □ 



Theorem 5.5. Let Q be a Reifenberg flat domain with vanishing con- 
stant. Given e > and M > 1 there exists 9(e,M) G (0,1) so that, for 
9 e (0,6'(e,M)), there exists K.{e,M,9) > 4 such that if K. > K.{e,M,9), 
there exists s{e, M,9,)C) > so that for s G {0, s{£, M,9,)C)) and every 
QeA{Ms,Qo), 

u;^iA{9s,Q)) 
u;o^(A+(0s,n(Q))) e • 

Proof Let e' = £'{e) > and M > 1. Let 9 G (0, 6'(e', M)), where 
9{£',M) > has been chosen as in the statement of Lemma 5.3. For such 
9, let /C(e',M, 0) > 4 be such that the statements of both Lemma 5.2 and 
Corollary 5.3 are satisfied. Let /C > lC{e' ,M,9). Let s{e',M,e,IC) > be 
so that, for s G (0, s(e', M, ^, /C)) the statements of Lemmas 5.2 and 5.3 and 
Corollary 5.3 are verified. Then (5.13), (5.19) and (5.14) become 

Lu^iAi9s,Q)) 
u;^iA{9s,Q))7^ ' 
u^{Ai9s,Q)) 
a;f(A+(0s,n(Q)))? ' 
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and 

u;f(A+(gg,n(Q))) ^ 

Wc conclude the proof by choosing e' > so that (1 + e')^ < 1 + e, and 6{£,M), 
/C(e, M, 9) and s{e, M, 6, K.) accordingly. □ 

Theorem 5.5 allows us to compare the harmonic measure (with finite pole) 
of a Reifenberg flat domain with vanishing constant fi, with the harmonic 
measure of an appropriate half space. So far, the fact that the harmonic 
measure is asymptotically optimally doubling has only been used as a way to 
guarantee that 17 is a Reifenberg flat domain with vanishing constant. Thus, 
the same arguments can be used in the proof of the corresponding results for 
the harmonic measure with finite pole. In order to be able to use the hypothesis 
that log/i e VMO(317) (rcsp. \ogkx G VM0(50)), we need to compare the 
Poisson kernel of 17 with pole at A and h (rcsp. kx)- To achieve this, wc look 
at the kernel function with pole at infinity. The next lemma summarizes some 
of the properties of this kernel function on (^i, oo)-chord arc domains. Here 
5\ has to be chosen so that Corollary 5.1 holds. Note that Lemma 5.4 is the 
analog of Theorem 3.1 in the case that the kernel function has pole at infinity. 

Lemma 5.4. Let O C R""'"''^ he a {Si,oo)-chord arc domain. Let X e ft; 
then for almost every Q G dCl, 

(5.31) ^(Q) = %M . -"(^(-.g)) . 

^ ^ duj h{Q) r-^o uj{A{r,Q)) Z-.Q u{Z) 

Here uj-^ denotes the harmonic measure, G{X,—) denotes the Greenes func- 
tion, and kx the Poisson kernel for with pole at X. Now, to, u and h satisfy 
(5.6), (5.9) and (5.10). Let K{X,Q) = There exist constants C > 1, 

Nq>1 andae (0, 1) so that, for s > and Qo G dn, if X e n\B{2Ns, Qq), 
N > Nq, then for every Q, Q' £ A{s, Qo), 



\K{X, Q') - K{X, Q)\ < CK{X, Q) 



\Q-Q'\ 



Proof. Recall that a, lo and uj^ are doubling Radon measures on dO,. 
Moreover, duj^ = kxda, duj = hda and kx, h G Lf^^{da). Therefore, to 
and co^ arc mutually absolutely continuous, and ^^(Q) = ''h(Q) ■ Because 
the Lebcsguc differentiation theorem holds, the Radon-Nikodym derivative, for 
a;-almost every Q G dCl satisfies (see [Si, §4]) 

duj"" a^^(A(r,Q)) 
^(^^=;To a;(A(r,Q)) " 
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Let LP G C^°°(R"+^), < ¥5 < 1, ¥5 = 1 in 5(1,0), ^ = in R"+i\S(2,0), 
IVf^l < C, and |A<^| < C. Let Vr(-^) = '^(^{Z - Q)). Let Ur satisfy An^ = 
in J7 and = V'r- on Then for r > small, X ^ -B(2r, Q), and 

= / V'r(Q)(iw^(Q) = / G{X,Z)A^l;r{Z)dZ. 
Jdci Ja 

(5.5) guarantees that 

(5.32) / iPr{Q)du{Q) = I u{Z)Atpr{Z)dZ 

A similar argument to the one used above shows that, for w-almost every 
Q G 50 (see [St, Ch. 1]) 

r^o Ion A{Q)du;{Qy 

Theorem 3.2 guarantees that Gipc-) ^ function on B(Ns, Q) H O, where 
Q G do., 2Ns < dist(X, dft), and 'n > Nq where iVo is chosen so that for X G 
n\B{2Ns,Q), and r G [0,s], a;^(A(2r,Q)) < Ca;^(A(r,Q)) (see Lemma 3.1). 
Thus if 

lim = £(Q), 

z^qG{X,Z) 

then for Z G B{2r, Q) n O, and r < s 

<Z) < ^ u{A{Ns,Q)) f \Q-Z\ \ r 



^^■^^^ G(X,Z) ^^G{X,A{Ns,Q))K Ns J ^ ^ \Ns 

Thus combining (5.32) and (5.33) we obtain 

(5.34) / u{Z)A^Pr{Z)dZ > £{Q) [ G{X,Z)Ail)r{Z)dZ 
Jn Jci 

-Ci^-^y J^G{X,Z)\AMZ)\dZ, 

and 

(5.35) / u{Z)A4^riZ)dZ < £{Q) [ G{X,Z)A'^r{Z)dZ 

+ c(^-^y I^G{X,Z)\AMZ)\dZ. 

Combining Lemmas 3.3 and 3.4 we have that for Z e B{2r,Q) n O, 

,a;^(A(2r,Q)) 



G{X, Z) < GG{X, A{2r, Q)) < G- 



j.n—1 
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Since jA-;/',.! < Cr ^, (5.34) and (5.35) become 

liQ) I G(X,Z)Aij;riZ)dZ -C (^) to^ (A(2r,Q)) < [ u(Z)Aij;JZ)dZ, 
Ja \NsJ Jn 



and 

/ u(Z)AMZ)dZ <e(Q) [ G(X,Z)AMZ)dZ + C (—Y u;^(A(2r,Q)). 

Jn Jn \NsJ 

By the maximum principle we have that Ur{X) > ijj^{A{r, Q)); this together 
with Lemma 3.1 guarantees that Ur{X) > C~^u^ {A{2r,Q)). Hence, 

Taking limits as r — >^ 0, we conclude that 

r-*0 UriX) Z-^qG{X,Z) 

which is (5.31). When X G n\B{2Ns, Qo) for Q, Q' G A(2s, Qo), Theorem 3.2 
combined with (5.31) asserts that 

(5.36) mx, Q) - KiX, Q')\ < C^^^^^^^ 

Lemma 3.5 guarantees that for Z G B{2s, Qo) n Q, 

^_^ G{X,Ais,Qo)) ^ G{X,Z) ^ ^ G{X,A{s,Qo)) 
u{A{s,Qo)) - u{Z) - u{A{s,Qo)) ' 
where C > 1 depends only on the NTA constants. Therefore since the function 
'^^1^^ is Holder continuous in O n B(2s, Qo); letting Z ^ Q we conclude that 



.,,7^ GjX.AjsM) 
(5-37) ————— K{X,Q). 

u{A{s,Qq)) 

Combining (5.36) and (5.37) we obtain 

\K{X,Q)-K{X,Q')\<GK{X,Q)0-^^^] . □ 



From now on the constant depends on the compact set K that was chosen 
in Remark 5.1. In fact, recall that Qq ^ K f\ dfl. The reader should also 
keep in mind that the point A always depends on /C. Thus in statements the 
dependence on /C is hidden in A. 

Corollary 5.4. Let U C R"+^ be a {Si,oo)-chord arc domain and a 

Reifenberg flat domain with vanishing constant. Given e > 0, M > 1, and 
/C > 4 there exist 6{e) > and s{M,IC) > such that, for 9 G {{),6{e)) and 
s G (0, s{M, K,)), ifQe A{Ms, Qo) and Q' G A(6's, Q) then 

KiA,Q') 
K{A,Q) 7 ■ 



FREE BOUNDARY REGULARITY 



421 



Proof. Choose ^' > so that ANqO' = 1, where A'o is as in Lemma 5.4. If 
Q e A{Ms,Qo) and s(M,/C) > is chosen so that (5.12) holds then \A - Q\ 
> |s = 2Nq9's. Lemma 5.4 guarantees that for 9 < 9', and Q' G A{9s, Q), 



'K{A,Q) 

Choose 9{e) > so that 1 + C (|^)'* < 1 + e and 1 - C [ff > j^. We 
conclude then that < ^^^^-j < 1 + £. □ 

Corollary 5.5. Let C R"'"'"^ be a {Si, oo)- chord arc domain and a 
Reifenberg flat domain with vanishing constant. Given e > 0, M > 1, and 
/C > 4 there exist 6{e) > and s{M,JC) > such that for 9 G {0,9{e)) and 
s G (0,s(M,/C)) ifQeA{Ms,Qo) then 

uj'^{A{9s,Q)) kA{Q) 



u{A{9s,Q)) e h{Q) ■ 



Proof. Let £ > 0, and let 0(e) > be chosen as in the statement of 
Corollary 5.4. Let 9 G (0, 9{£)). If Q G A(Ms, Qo) then for every Q' G A(6's, Q) 

Y^^K{A, Q') < K{A, Q)<{1+ e)K{A, Q). 

Multiplying by h{Q') and integrating with respect to da over A{9s, Q) we have 
that 

/■ kA{Q')da{Q') < t^^^A{9s,Q)) 

< (l + £) / kA{Q')da{Q'). □ 

JA(es,Q) 



Corollary 5.6. Let Q, C R"^ be a {di,oo)-chord arc domain and a 
Reifenberg flat domain with vanishing constant. Given e > 0, and M > 1, there 

exists 9{e,M) > such that for 9 G (0,6'(e,M)), there exists IC{e,M,9) > 4, 
so that for K, > IC{e,M,9), there exists s{£, M,9,IC) > 0, so that for s G 
{0,s{£,M,9,JC)), ifQe A{Ms,Qo) then, 

iv^{A+{9s,U{Q))) kA{Q) 
uj{A{9s,Q)) ^ HQ) • 

Here 11 denotes the orthogonal projection from R"+^ onto L[M}Cs,Qq), and 
uq the harmonic measure of the half space containing A and with boundary 
L{MJCs,Qo). 
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Proof. Let s' = e'(e) > to be determined. Choose 6{e,M) = 
mm{9{e', M),9{e')}, with 9{e', M) as in Theorem 5.5, and 6{£') as in Corollary 
5.5. Then for 9 G {0,9{e,M)) there exists IC{e',M,9) > 4 such that if /C > 
/C(e', M, 9) there exists s(e', M, 6*, /C) > so that for every s G (0, s{e' , M, 9, Vj) 
and every Q G A(Ms,(5o)) 

^ ^ ^ u;o^(A+(0.,n(g)));^'' 

and 

...q. c^-"(A(gg,Q)) fcA(Q) 

^ ^ ^ a;(A(es,Q)) 7' h{Q) " 

Combining (5.38) and (5.39) and choosing > so that (1 + e')^ < 1 + £ we 
have that 

, ,^-lM^ < ^^(A+(fe,n(Q))) , .fcA(Q) 

^ ^(Q) - a;(A(0s,Q)) - /i(Q) ' □ 



Remark 5.2. Recall that 

g))) = , 



u^{A+{9s,Jl{Q))) = [ PA{x)dx, 



where P4 denotes the Poisson kernel of {{x,t) G R""''^ : x G L{M}Cs,Qq), 
t > 0} with pole at A. Lemma 5.1 guarantees that, given e > and M > 1, 
there exists 9i{e, M) G (0, 1) such that for every s > 0, /C > 4, Q G A(Ms, Qo), 
and r, r\ G (0, 9is), 

t^o^(A+(ri,n(Q))) u;o^(A+(r,n(g))) 



Letting ri — we conclude that, given e > and M > 1, there exists 0i(e, M) 
G (0, 1) such that, for any s > and any /C > 4, and for every Q G A (Ms, Qq) 
and every r G (0, 9is), 

a;o^(A+(r,n(Q))) 



i'A(n(Q)) 



Corollary 5.7. Lei C R""*"^ he a {Si, 00)- chord arc domain and a 

Reifenberg flat domain with vanishing constant. Given e > and M > 1, there 
exists 9{£,M) > such that, for 9 G {0,9{e,M)), there exists K:{e,M,9) > 4 
so that, for K, > K,{e,M,9) there exists s{e, M,9,IC) > 0, such that for s G 
{0,s{e,M,9,IC)) and Q e A{Ms,Qo) 

kA{Q) ojniOsY 



■ rsj ■ 



h{Q) e uj{A{9s,Q)) 



PAmQ)). 
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Proof. Let e' = e'{e) > to be determined. Choose 9{e,M) = 
min{6'(e',M),6'(e')}, with 9{e',M) as in Coronary 5.6, and 0{s') as in Re- 
mark 5.2 above. Then for 9 G (0, 6'(e,M)) there exists lC{e',M,9) > 4 such 
that, if /C > IC{£',M,9), there exists .s(e', M, 6*, /C) > so that, for every 
s G {0,s{e',M,9,IC)), and Q G A(Ms,Qo) 
(540) u;o^(A+(0.,n(Q))) _ fe^(Q) 



■ ■ 



a;(A(0s,Q)) /i(Q) ' 

and 

Combining (5.40) and (5.41), and choosing e' > so that (1 + e')^ < 1 + £ we 
have 



Theorem 3.1, and similar arguments to the ones presented above guarantee 

that: 

Corollary 5.8. Let Q C R"""*"^ be a Reifenberg flat domain with vanish- 
ing constant. There exists 5 > such that, if is a 5- chord arc domain and 
X G ri, then the following statement holds: Given £ > and M > 1, there 
exists e{e, M) > such that, for 9 G (0, 9{e, M)) there exists )C{s, M, 6^) > 4 so 
that, for K > )C{e,M,9) there exists si = s{e,M,9,]C,dist{X,dCl)) > such 
that, for s G (0, si) and Q G A(Ms, Qo), 

kA{Q) ioniosy 



kx{Q) ^ u;^{A{9s,Q)) 



PAiUiQ)). 



Remark 5.3. Recall that under the assumption that $7 is Reifenberg flat, 
the fact that uj is asymptotically optimally doubling is equivalent to the fact 
that r2 is a Reifenberg flat domain with vanishing constant . It is an easy 
consequence of the fact that u is an asymptotically optimally doubling measure 
that for £ > 0, M > 1 and 9 G (0, 1), there exists s = s{e, M,9) > such that 
for every Q G A{Ms, Qo) 

1 f9y^ co{A{9s,Q)) I 



i + £Vm; - uj{A{ms,q)) - ^ ' \M 

Lemma 5.5. Let Q C R"^^ be a Reifenberg flat domain. Assume that 
UJ is asymptotically optimally doubling. Given £ > and M > 1, there exists 
s{e, M) >0 so that, for s G (0, s{£, M)), and Q G A{Ms, Qo), 

(5.42) c.(A(M.,Qo))^ 
^ ^ cj{A{Ms,Q)) e 
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Corollary 5.9. Let Vl c R"^^ he a Reifenherg flat domain. Assume that 
Lo is asymptotically optimally doubling. Given e > 0, M > 1, and 6 G (0, 1), 
there exists s(£, M, 6*) > so that, for s G (0, s{£, M, 9)), and Q G A(Ms, Qo) 

u;iA{es,Q)) f9 



Lu{A{Ms,Qo)) e \M 

Proof. Let e' = £'{e) > to be determined. For M > 1 and 9 G (0, 1), 
there exists s{£', M,9)>0 so that for s G (0, s{e',M, 9)), and Q G A(Ms, Qo), 
Remark 5.3 and Lemma 5.5 hold. Namely for Q G A(Ms,Qo)) 

(5.43) (eY_.(MOsm 



\Mj 6' u{A{Ms,Q))' 
and 

(5.44) u.iAiMs,Q)) 

Combining (5.43) and (5.44) and choosing e' > so that (1 + e')^ < 1 + e we 
have that 

, a;(A(g.s.g)) < ^ AV < (1 + a -iMO^-Q)) 



Proof of Lemma 5.5. Let e' = e'{e) > and N = N{e') > 2, to be 
determined. Assume that Ms < 1. Let n = (N + 1)~\ t2 = {N - 1)"\ 
and r3 = N"^. Since lu is asymptotically optimally doubling, there exists 
R{e',Ti,T2,T3) > so that, for < r < i?(e', n, r2, T3), and Q G A{Ms,Qo), 

^ ^ '^(A(r,Q)) s' ^ 

for i = 1, 2, 3. When s < then 

uj{A{Ms,Q)) uj{A{Ms,Q)) io{A{MNs,Q)) 



(5.46) 



io{A{Ms,Qo)) u{A{MNs,Q)) io{A{Ms,Qo)) 

Lo{A{Ms,Q)) 1 uj{A{MN8,Q)) 



u;{A{Ms,Qo)) m lo{A{Ms,Qo)) ' 

Moreover, for Q G A{Ms,Qo), 

u;(A(M(iV-l)^,Qo)) ^ a;(A(MiVg, Q)) ^ a;(A(M(iV + l)g, Qp)) 
^ ■ ' Lu{A{Ms,Qo)) - u;(A(Ms,go)) " a;(A(Ms,go)) ' 

Applying (5.45) to (5.47), we obtain 

(5.48, ,i+.',-'(iv-ir<^!^^^<(i+.')(iv+ir. 
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Combinination of (5.46) and (5.48) yields 

Choosing > 2 so that (1 - ^)" > (1 + e')"^ and (1 + ^)" < 1 + e', and 
e' > so that (1 + e'f < 1 + e we conclude that for s < s(e, M) = ^^^'^^'^''^^^ , 
and Q G A{Ms,Qo), (5.42) is satisfied. □ 

Note that Lemma 5.5 and Corollary 5.9 are results about asymptotically 
optimally doubling measures, therefore similar results hold for the harmonic 
measure with finite pole, under the hypotheses of Theorems 5.3 and 5.4. 

Corollary 5.10. Let C R""^^ be a {Si,oo)-chord arc domain. Assume 
that to is asymptotically optimally doubling. Given e > and M > 1, there 
exists /C(e, M) > 4 such that, for K, > /C(e, M) there is s{s, M, /C) > so that, 
fors G (0,s(£,M,/C)) ifQe A{Ms,Qo), then 

W^-(A(M.,Qo))'^"^''^^^^- 

Corollary 5.11. Let Q. C R"+^ be a Reifenberg flat domain. There ex- 
ists S > such that if ^ is a 5- chord arc domain, X G J7 and u)-^ is asymptoti- 
cally optimally doubling then given e > and M > 1, there exists /C(e, M) > 4 
such that, for K, > /C(e, M) there is si = s{£, M,}C,dist{X,^^l)) > so that, 
for s £ (0, si) ifQG A{Ms, Qq), then 

kx{Q)^^ u^{A{Ms,Qo)f^^ ^^'^- 

Proof of Corollary 5.10. Under the hypotheses above, is a Reifen- 
berg flat domain with vanishing constant . Let e' = e'(e) > to be de- 
termined later. Corollary 5.7 guarantees that there exist 9 = 9{£',M) > 0, 
JC = JC{e',M,9{£',M)) = /C(e',M) > 4, and si{e',M) > so that, for 
s G (0, si(e', M)), if g G A{Ms, Qo), then 

^'■''^ W?-(A(^.,Q))^^^"^^))- 

Corollary 5.9 guarantees that there exists s{£',M,9) = S2(e',M) > so that 
for s G (0,S2(£',M)) and Q G A(Ms,go), 

^ ' ^ u;{A{Ms,Qo))7'\mJ ■ 
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For s < min{si(e', M), S2(e', M)}, combining (5.49) and (5.50) we obtain 

+ u;(A(M.,Qo))^^^^^^ - HQ) 

W - ^' + '^^A(M^^^^"^^))- 
Choosing e' > so that (1+e')^ < 1+e we finish the proof of Corollary 5.10. □ 

So far we have not used the hypothesis that log/i G VMO (dcr) (log/cx € 
VMO(d(T)). The fact that logh G VMO((i(T) guarantees that /i(Q) can be well 
approximated by its average over a small ball around Q, at least for a large 
set of Q's. More precisely: 

Lemma 5.6. Let Q be a {5i, oo)-chord arc domain. Assume that log/i G 
VMO (da). Given e > 0, there exists r(e) > such that, for every r £ (0, r(e)), 
there exists G{r,Qo) C A(r, Qo) such that a{A{r,Qo)) < (1 + £)a{G{r,Qo)), 
and for all P G G{r, Qo) 

'^(A(r,Qo)) 



h{P) 



e a{A{r,Qo))' 



Proof. Let e' = e'(e) G (0,1) to be determined later. Since logh G 
VM0(9^^), there exists r{e') = ri > so that 



sup sup ^ [ I log /i - (log /i)r,Qo \da <e' 

eannKO<r<ri (T{A{r,Qo)) JA{r,Qo) 

{logh)r,Qo = ^a/ r, \\ I logh da. 

a{A{r,QQ)) JA{r,Qo) 



QoedClnK 0<r<ri 

where 



For r G (0, ri] let 

G{r,Qo) = {Pe A(r,Qo) : [log h{P) - (log/i),,Qj < 

Then 

(5.51) (7(G(r, Qo)) > (1 - V?)a(A(r, Qo)), 
and if P G G{r, Qo) 

|l0g/t(P)-(l0g/l),,Qj < Vi^. 

Thus 

(5.52) e-^e('°s'^)r.Qo < /j(p) < e^^ogh),,Q^ _ 
Integrating (5.52) over G(r, Qo) and using (5.51) we obtain 

(5.53) (1 - Vi')e-^e('°sM.,Qo < ^ ^ / ^ / hda < e^e^^^^ /i).,Qo . 

- a{A{r,Qo)) JG{r,Qo) 
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We now need to compare ../^ Inf^n \ hda with ../^ l\t^n ^ hda. 

^ (T(A(r,(3o)) ■'(-'(r,Qo) a{A(r,Qo)) ■'A(.r,Qo) 

Clearly, 

1 r If 

hda < . . — / hda^ 



0-(A(r, Qo)) iG(r,Qo) f^(A(r, Qo)) iA(r,Qo) 
and therefore 

(5.54) (1 - Vi')e-^e('°s'^)'-.«o < — —1— — / hda. 

^ ' ^ - (7(A(r,Qo)) iA(r,Qo) 



Note that 
(5.55) 



(T(A(r,Qo)) VG(r,(3„) o-(A(n Qo)) o-(A(r, Qo)) yA(r,Qo)\G(r,Qo) 

Since a; G ^oolc^^r) (sec remark after (5.10) and [GCRdF]), there exist C > 1 
and 7 G (0, 1), so that 

^^^g^ a;(A(r,Qo)\G(r,Qo)) ^ ^ ^a(A(r, Qo)\G(r, Qo))\^ 



a;(A(r,Qo)) - V ^(A(r,Qo)) 

a;(A(r,Qo)\G(r,Qo)) /- 
a;(A(r,Qo)) " ^ " 

Combining (5.55) and (5.56) we obtain 

(5.57) {\-C{^'y) ,^}^.. f hda<—--^——[ hda. 
^ ^ ^ V(A(r,Qo))yA(r,Qo) - a{A{r,Qo)) JG{r,Qo) 

Prom (5.53) and (5.57) we deduce that 

(5-58) ^ / /ida< (l-C(V7)^)-^e^e(i°s'»)'-.«o. 

C7(A(r, Qo)) iA(r,Qo) 

Prom (5.52), (5.54), and (5.58) we conclude that for P G G{r,Qo) 
^ ^ V(A(r,Qo))yA(r,Qo) ~ 



and 



^ ' a{A{r,Qo)) JA{r,Qo) 



Choose e'{e) > small enough so that e'^^^il - C{Ve')'^) > (1 + e)'^ and 

e^^(l — -v/?)^^ < 1 + e. Under these assumptions we have proved that there 
exists r{e) > so that for r G (0, r(£)) and Qq G dQ n K the conclusion of 
Lemma 5.6 holds. □ 

Note that Lemma 5.6 is a result about functions whose logarithm is in VMO. 
Therefore an analogous statement holds for the Poisson kernel with finite pole, 
kx, provided that logkx G YMO (da). In particular the following corollaries 
also hold under the assumptions of Theorems 5.3 and 5.4. 
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The following statement is a straightforward consequence of Corollary 5.10 
and Lemma 5.6. In Corollaries 5.12 and 5.13, sis replaced by 2s for notational 
convenience. 

Corollary 5.12. Let ft be a {Si, oo)- chord arc domain. Assume that lo 
is asymptotically optimally doubling, and that log/i G VMO (da). Given 
e > and M > 1, there exists IC{e,M) > 4 so that for K, > /C(e,M), 
there is s{e,M,IC) > such that, for every s £ (0, s(e, M, /C)) there exists 
G{2Ms,Qq) C A(2Ms,Qo) such that a{A{2Ms,Qo)) < {l + e)a{G{2Ms,Qo)) 
and for all Q G G(2Ms, Qo), 

The next corollary states that a chord arc domain whose harmonic measure 
is asymptotically optimally doubling, and whose Poisson kernel has logarithm 
in VMO has the following property: each surface ball in the boundary can be 
decomposed into a large very flat piece where both the unit normal and the 
Poisson kernel have small oscillation, and a very small additional piece. 

Corollary 5.13. Let Q C R"+-'^ be a {5i,oo)-chord arc domain. There 
exists 5q G (0, 5n) such that, if ft is a S-Semmes decomposable domain for 
some S G (0, (5o), if lo is asymptotically optimally doubling, and if log h G 
VMO(d(T), then given e > and M > 1, there exists }C{s,M) > 4 such that, 
for K. > /C(e,M) there is s(e,M,/C) > so that, for s G (0, s(e, M, /C)), 
there exist an n- dimensional plane L{MJCs, Qo) containing Qq and a Lipschitz 
function (p : L{MK,s,Qq) — ^ R such that ||V(/)||oo < C{n){5 + e). The graph 
of this function Q = {{x,t) G R""^^ : t = (t>{x)} approximates dVL in the ball 
B{2Ms,Qo), in the sense that 

(5.59) A(2Ms, Qo) = AiMs, Qo) U J^{Ms, Qo), 



where 
(5.60) 



C2. 



AiMs, Qo) C g and a{J^{Ms, Qo)) < (Ci exp( — ^) + e)a{A{2Ms, Qo)), 



for some Ci,C2 > 0. Moreover if U : R"+^ L{MK,s,Qo) denotes the 

orthogonal projection 

(5.61) 

sup \4>\<2£Ms and sup \(t)\ < C{n){£ + 5)Ms. 

n{A{Ms,Qo)) B{2Ms,Qo)nL{MKs,Qo) 

for every Q G A{Ms, Qo), 
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Proof of Corollary 5.13. Let 60 G (0, 5„) be as in Lemma 4.1, and as- 
sume that is a (5-Semmes decomposable domain for 6 < Sq. Let e > 

and M > 1. Corollary 5.12 guarantees that there exists IC{e,M) > 4 such 
that for /C > /C(e,M) there is s(e, M, /C) > such that, for every s G 
(0, s{£, M, K.)) and QQeKr\dVL there exists G{2Ms, Qo) C A(2Ms, Qo) such 
that a{A{2Ms,Qo)) < {1 + e)a{G{2Ms,Qo)) and for all Q G G{2Ms,Qo) 

Since co is asymptotically optimally doubling, we know that J7 is a Reifenberg 
flat domain with vanishing constant . There exists r{e,]C) > so that for 
r€ (0,r(£,/C)) 

-D[dn n B(r, Qo), Hr, Qo) n B{r, Qo)] < p. 



MK ' 

D[dQ n 5(2Ms, Qo), L{MKs, Qo) n B{2Ms, Qo)] < £. 



Thus, if s G (0, ^j^'y^ ); it is easy to check that (see Remark 5.1 
1 



2Ms 

Lemma 4.1 guarantees that there exists a Lipschitz function (p : L{MK,s, Qo) 
R such that ||V(?!>||oo < C{n){5+£) whose graph g = {{x,t) G R"+^ ■.t = <l){x)} 
approximates 50 in the ball B{2Ms,Qo), in the sense that 

A(2Ms, Qo) = g{2Ms, Qo) U S{2Ms, Qo), 

where 

g{2Ms,Qo) C g and c7(^(2Ms, Qo)) < Ci exp(-^)(7(A(2Ms, Qo)), 



for some Ci,C2 > 0. Moreover 

sup \(f)\ < 2eMs. 
n(g(2Ms,Qo)) 

Let < s < min{^^5S^,s(e,M,/C)}. Let ^(Ms,Qo) = G(2Ms,Qo)n 
^(2Ms,Qo) and J^{Ms,Qo) = (A(2Ms, Qo)\^(Ms, Qq). It is easy to check 
that (5.59), (5.60), (5.61) and (5.62) are satisfied. □ 



6. Rellich's identity 

For n > 2, let Q C R"+^ be a 5-chord arc domain, and A E fl. Rellich's 
identity (see [JK3] for the case of a graph, see [KT2] for the general case) 
asserts that 
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where an denotes the surface area of the unit sphere in R"^^. Rehich's identity 
appHed to the half space {{x,t) G R"''"''^ : x e L,t > 0} containing A yields 

We first truncate these integrals so that we are only concerned with what is 
happening in A (Ms, Qq) and B{Ms, Qo) ^ L. Integration by parts in these re- 
gions allows us to capitalize on the fact that Corollary 5.13 holds in A(Ms, Qo). 
This provides a good estimate for the oscillation of the unit normal to dO, on 
A(2s,Qo). 

Lemma 6.1. Let C R""*"^ be a {di,oo)- chord arc domain. Assume that 
CI is a Reifenberg flat domain with vanishing constant. Let K C R"'^''^ he a 
compact set. Given rj > there exists M{r)) > 1 such that for M > M{r)), 
s>0, QoEK ndn, if A en, ^< d{A, Qo) < s, and d{dn, A) > ^ then 

(6.1) / k\iQ)\{Q - A, ltiQ))\da < rjs-^^-'\ 

Jdnn{\Q-Qo\>Ms} 

and 

(6-2) / -^^^da<r,s-(--'\ 

Jdnn{\Q-Qo\>Ms} \Q - 

Let now A = Qq + s1i{MICs,Qq), and (M/Cs, Qo) be the unit normal 
vector to L{MK.s,Qo). Note that A e {{x,t) G R"+^ : x G L{MK.s,Qo), 
t > 0}, 1^4 — Qol = s, and d{A, L{M}Cs,Qo)) = s. Applying Lemma 6.1 to 
{{x, t)=x + tli{M)Cs, Qo) e R"+^ : x G L(M/Cs, Qo),t> 0}, we obtain: 

Corollary 6.1. Let denote the Poisson kernel of the half space 
{{x,t) £ R"+^ : X G L{MICs,Qo),t > 0} with pole at A. Given 77 > there 
exists M{rj) > 1 such that for M > M{ri) 

S I P^J^^^T < r.«-("-l) 



( / P^{x)dx < rjs 

JL(MICs,Qa)nUx-Qn\>Ms} 



' L{MK.s,Qo)r\{\x-Qo\>Ms} 

and 



J 

JLi 



Pa{x) ^ ^„-(n-l) 



/ I ., _', dx < rjs 

I L{MKs,Qo)n{\x-Qo\>Ms} \x - 

Proof of Lemma 6.1. Let M > 4. Wc first estimate 
(6.3) / k\{Q)\{Q-A,^{Q))\da 

00 „ 

= E / kl{Q)\{Q-A,lt{Q))\da 
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oo „ 

< E/ kl{Q){\Q-Qo\ + \Qo-A\)da 

J2^Ms<\Q-Qo\<2i+ms 

CO . 

< 2y 2*+1Ms / k\{Q)du. 

J2»Ms<|Q-(9ol<2'+^Ms 



Wc look at each term /2iMs<|Q-Qol<2»+iMs k\{Q)da separately. First note that 
ifQ G A(2^+iMs,Qo)\A(2*~Ms,Qo), \Q-A\> \Q -Qq\-\Qo- A\> 2'-^Ms. 
Cover A(2*+iMs,Qo)\A(2Ws,Qo) by balls A(pj,Qj), with 

Qj e A{2'+^Ms,Qo)\A{2'Ms,Qo) 

and such that the balls A(^,Qj) are disjoint. Assume that > is such that 
Npi = 2'-^Ms, where N = 2No > 2, and A^o is as in Corollary 5.2. Note that 
A G Q\B{Npi,Qj). Corollary 5.2 guarantees that for each Qj 

2 \^ 1 /■ 
kj^dcr < 2 / kAda. 



\a{A{pi,Qj)) JAip^Q,) J (T{A{pi,Qj)) JAip^Q,) 

Recall that, since is a oo) -chord arc domain, there exists a constant 
C(n) > 1 depending only on n such that a{A{pi, Qj)) > C{n)~^p2- Moreover, 
the fact that is an unbounded NTA domain, with uniform constants, guar- 
antees that 00^ is uniformly doubling on dQ C) {\Q — Qo\ > Ms}. Therefore the 
previous inequality implies that 

(6.4) 

k\{Q)du < y / k\da 

2iMs<\Q-Qo\<2^+^Ms ■ JA{pi,Qj) 

.(A(p.,Q,))" ^^^^-^^-^^ 

<C{n)p.^Y.^\A{pi,Qj)) 
j 

<C{n)p--Y.^^{A{Pl,Q,)) 



3 



< C(n)p-"a;^ ^A{2'+'Ms + ^, Qo)\A(2Ws - |, Qo) j • 

In particular 
(6.5) ^ 

k\{Q)da 

2»Ms<|Q-Qo|<2*+iMs 

< C{n)p-^u^{A{2'+'Ms + Qo)\A(2^Ms - Qo))- 
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Note that oj^ {A{2'+^Ms+^^^f^,Qo)\A{2'Ms-^-j^, Qo)) is a nonnegative 



harmonic function in $7, which vanishes on B{T'Ms — ^^-^r^, Qo) H dO., and 



whose supremum is 1. Thus Lemma 3.1 imphes that 

(6.6) a;^(A(2*+iMs + ^^,Qo) \A(2*Ms - Qo)) 

/ I ^ ^1 \ " 



2'M 



< C 

Combining (6.5) and (6.6) we obtain 

(6-7) /. . ^ k\{Q)da < C{n)pr^ {-^ 

y2'Ms<|(3-Qo|<2'+iMs V2»M 

Thus (6.3) and (6.7) yield 
JdQ.n{\Q-Qo\>Ms} 



2^-^Ms) V2'M 



1=0 

< ^C(n)2^+iMs' 

i=0 

.-("-^ 1 
1=0 

and 

(6.8) / k\{Q)\{Q-A,ltm\d(T < C{n,No)—^s-^^-'\ 

Jdnn{\Q-Qo\>Ms} M"- 

To estimate the second integral we use the fact that 

uo^iAiT+^Ms, Qo)\A{2'Ms, Qo)) 

is a nonnegative harmonic function in J7. It is bounded by 1, and vanishes con- 
tinuously on B{2'Ms, Qo)n50. In this case lu"^ {A{2'+^ M s , Qo)\A(2Ws, Qq)) 
— • then have 



'dnn{\Q-Qo\>Ms} IQ - 

fe^(Q) 



(6-9) TT^'^da 



-da 



^Xms<|Q-Qo|<2<+iMs IQ-^I" 
oo , 

< 2"-^ y 1 / fcA(Q)cia 
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oo , 1 

< C(n) V 

Choosing M > 4 so that C(n) j^j^-i+a < V and C(n, Nq) < r/ we 

conclude from (6.8) and (6.9) that (6.1) and (6.2) hold. □ 

Since the proof of Lemma 6.1 rehes on the fact that the domain is un- 
bounded we sketch the proof of the corresponding result for bounded domains. 

Lemma 6.2. There exists Si > so that if Q is a bounded Si-chord arc 
domain which is a Reifenberg flat domain vanishing constant, then given rj > 
there exists M{r]) > 1 such that, for M > M(r]) there is s(M) > so that, for 
s e (0,s(M)), Qo edn,ifAen,^< d{A,Qo) < s, and d{dn,A) > ^ then 

(6.10) / k\{Q)\{Q-A,lt{Q))\da<r]s'^'''^\ 

JdQn{\Q-Qo\>Ms} 

and 

(6.11) / J^'^f , da<vs~^"-'\ 
Jdnn{\Q-Qo\>Ms} \Q - -4|" 

Proof. Let M > 4 to be chosen. Corollary 5.2 guarantees that there exists 
5i so that, if is a bounded 5i-chord arc domain, there exist A'^o > 1 and sq > 
such that, for N = 2Nq and p G (0, sq), ii Q e dil and A G n\B{Np, Q) then 
(5.4) holds with A in place of X, and p in place of s. For s < sq/M, let 
G N be such that Ms < 2'°Ms < sq < 2'°+'^Ms. Since is a (^i-chord arc 
domain we may assume that sq was chosen so that for s < sq, and Q G dfl, 
a{A(s,Q)) > Cns"^. To prove the first inequality, we estimate the following 
expression 



(6.12) / k\{Q)\{Q-A,lt{Q))\da 

Jdnn{\Q-Qo\>Ms} 

< 2 y 2'+^Ms / k\{Q)da 

J2iMs<\Q-Qo\<2i+^Ms 

+ [ \Q - A\kl{Q)da. 

J\Q-Qo\>2'oMs 



The same argument as in the proof of Lemma 6.1 allows us to conclude that 
(6.13) 

«0-l /■ o-(n-l) *0 1 
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We now estimate the second term in (6.12) 

(6.14) / k\{Q)\Q - A\da < diamn f k\{Q)da. 

J\Q-Qa\>2H)Ms J\Q-Qa\>SQ/2 

Here diamri denotes the diameter of $7. Note that \i \Q — Qq\ > then 
\Q-A\ > f . Cover aJ)\A(f , Qo) by balls A(||^, Qj), where Q^- G 9f^\A(f , Qo) 
such that the balls A.{-^^,Qj) are disjoint. Corollary 5.2 guarantees that for 
each Qj 

1 

-^(A(^,Q,))yA(4§.,Q,.)^^'^^- 

Following the same steps as in inequality (6.4) we have 
From (6.14) and (6.15) we deduce that 

(6.16) / k\{Q)\Q-A\da < C(n) diamJ7 f-^) 

•^|Q-<3o|>2'oMs \4A'/ 

< C{n,No} ^ 

So 

^ ^, .diamO s-^"-^) 

< C(n,No) 71— r- 

^ ^ So M"-i 

Combining (6.13) and (6.16) we conclude that 



L 



k\{Q)\{Q - A,lt{Q))\da < C(n,iVo,J7)- 



ann{|Q-Qo|>Ms} ' ' ' M'* 1 ■ 

The proof of the second inequality follows the same pattern as the proof of 
inequality (6.10). □ 

Corollary 6.2. Let O C R""^^ be a {Si,oo)-chord arc domain. Assume 
that is a Reifenberg flat domain with vanishing constant. Let K C R"^^ he 
a compact set. Given > 0, there exist M{r]) > 1 such that, for M > M{r]), 
s > 0, Qo e Knd^l, and A e such that § < d{A, Qq) < s and d{A, dU) > 
ifi) G (R"+^) satisfies ^ = lon B{Ms, Qo); ijj = Oon R"+^\5(2Ms, Qo), 
< V < 1, then 
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(6.17) 



/ V>(Q) y^ff -;^/ 4(W(Q)(Q-^;n(Q))da(Q) 



< r]s 



-(n-l) 



Here an denotes the surface area of the unit sphere in R""'"^ and 'n{Q) denotes 
the outward unit normal to dO,. 

Proof. Let r]' = vi'{rj) > 0, to be chosen. Let M(r]') > 1 be so that 
Lemma 6.1 holds. Let M > M{r}') and s > 0; then by (*) 



< 



da 

dn\Q-A\--^ 



1 

+ — 

an. 



an 



k\{Q- A-li{Q)){l-i;)da 



< 



kA-, 



da 



In-l 



dnn{\Q-Qo\>Ms} \Q - 
+ — L „ , ^k\\{Q-A,lt{Q))\da 



ldQr\{\Q-Qo\>Ms} 

Choosing rj' = r]/4 we conclude that (6.17) holds for M > M{r]/A). 



□ 



Note that if $7 is a bounded (^i-chord arc domain which is Reifenberg flat 
with vanishing constant a similar statement holds for s > small enough. 
Namely, s < s{M), where s(M) is chosen as in Lemma 6.2. 

Corollary 6.3. Let L{MICs,Qo), A and Pa be as in Corollary 6.1. 
Given rj > there exists M{r]) > 1 such that, for M > M{t]) ifi)£ C^{K''+^) 
satisfies ijj = 1 on B{Ms,Qo), iIj = on R"+^\S(2Ms, Qo), < V < 1, then 



L 



L{MK.s,Qo) \X ■ 



dx 1 r 



n JL{MKs,Qo) 



sil)PAdx 



< rjs 



-(n-l) 



Next, as in Jerison's paper (see [J]) we apply integration by parts in order 
to combine Corollaries 5.13, 6.2, 6.3 and 5.12, to control the mean oscillation 
of the unit normal vector (see the proof of (6.25)). 

Under the hypothesis of Theorems 5.3 and 5.4, Corollaries 6.2 and 6.3 
hold. A careful look at the proof of Corollary 6.5 will reveal that only these 
two results and the bounded domain versions of Corollaries 5.12 and 5.13 are 
needed to insure that the conclusions of this corollary are valid in the bounded 
domain setting. 
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Theorem 6.1. Let 0. be a {6i, oo)-chord arc domain. There exists do G 
(0, (5„) such that, if ft is a S-Semmes decomposable domain with 6 G (0, (5o), 
if Lo is asymptotically optimally doubling, and iflogh £ YMO(da), for each 
compact set K C R"^"*^ the following statement is true: Given e > and 
M > 1, there exists lC{e,M) > 4 such that for IC > lC{e,M) there is s{e,M,JC) 
> such that, for every s G (0, s(e, M, /C)) and Qq G dfl PI K, there exists 
a Lipschitz function (f) : L{M}Cs,Qq) R such that ||V(?!)||oo < C{n){5 + e), 
and whose graph Q = {{x,t) G R""*"^ : t = (t>{x)} approximates dfl in the ball 
B{2Ms,Qo) in the sense that 

A(2Ms, Qo) = AiMs, Qo) U J^{Ms, Qo), 

where 

AiMs,Qo) C g and a{TiMs,Qo)) < {Ciexp{-^) + e)a{A{2Ms,Qo)), 

for some Ci,C2 > 0. Moreover if U : R"+^ L{MK,s,Qq) denotes the 
orthogonal projection, 

(6.18) sup \<i)\<2eMs, sup \(t)\ < C{n){e + 5)Ms, 

n{A{Ms,Qo)) B{2Ms,Qo)nL{MlCs,Qo) 
and for every Q G A{Ms, Qo) 

^^^^^T^(A(2M^^^^n(Q)). 
Moreover ifi/; G C^{B{2Ms,Qo)), < i/^ < 1, and il^ = 1 on B{Ms,Qo), then 

(6.19) / kA{Q)m)Tn^^AQ)<C{n)M-{e-^/^+e)s-(^-'\ 
(6.20) 

k\iQ)^{Q)\{Q - A,lt{Q))\da{Q) < C(n)M"+i(e-^/^ + e)^-^"-^), 

J^(Ms,Qo) 
(6.21) 
/ 

I {U(A{Ms,Qo))ynL(MKs,Qo) 

(6.22) / ^(x,0(x)) ^^[''l_J l + \Vcl>ix)\^dx 

J{U{A{Ms,Qo))rnL{MICs,Qo) \x - ^1" ^ 

<c(n)M"(e-^/'5 + £)s-('^-^), 

(6.23) / HQ)\kA{Q) - a^PA{U{Q))\ \{Q - A li^(Q))|da(Q) 

JA{Ms,Qo) 

< c(n)M"+i£s-('*-^\ 



s [ ^(x,0(a;))Pl(x)dx<c(n)M"(e-^/'5 + £)s-('*-^), 

J mAlMsMWnUMlCs^Qo) 
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(6.24) / \kA{Q) - aPA(n(Q)) L ^^^„_^ da(g) < c(n)M«e.- 

Ja{ms,qo) \Q-^r ^ 



(6.25) 



M(Ms,Qo) 

< c(n)M"+2(e-^/'' + e)s-('*-i), 



(6.26) 



/ V(Q)^'l(n(Q))(g - A, lt{Q))da{Q) 

JA(Ms,Qo) 

/ tl!{x,4>{x))P'^{x)dx 
Jl{MK.s,Qo) 

j P^(n(Q))-^:M^da(Q) 

Ja{Ms,Qo) \Q - A\^ 

- f v(^,0(x))— ^^^yrrfv^dx 

< c(n)M"+i(e-^/^ + £)s-("-^). 

Proof of Theorem 6.1. Initially assume that 5 G (0, <5o), where (5o is as in 
Corollary 5.13. Given e' = £'(e) G (0,1) and M > 1, Corollary 5.13 guar- 
antees that there exists /C(e',M) > 4 such that, for /C > IC{e',M) there is 
s(e',M,/C) > such that, for s G (0, s(e', M, /C)) and Qo € K n dn there 
exist an n-dimensional plane L{MICs, Qq) and a Lipschitz function 
^ : L{M]Cs,Qo) — R such that ||V^||oo < C{n)(5 + s'), and whose graph 
Q approximates in the ball B{2Ms,Qo), in the sense that 

A(2Ms, Qo) = ^(Ms, Qo) U T{Ms, Qq) 

where 

^(Ms,go) C g and a(j^(Ms,Qo)) < (Cie-^^/a + £/)^,^^(2Ms, Qo))- 
Moreover for every Q G A{Ms, Qq) 

e> a{A{2Ms,Qo)) 

In particular, provided that we choose (5 > and e' > small, wc can insure 
that I < a = ^(a"(2m1!qo)) - ^ ^^^^ Theorem 4.2 and Remark 4.1). Note that 
(6.27) 

/ kA{QmQ)r^^^^^^, <^ [ K{A, Q)h{Q)da{Q), 

Jr{Ms,Qo) \Q - A\^ S" JT{Ms,Qo) 

where K{A,Q) = ^^^q^ ■ Corollary 5.10 guarantees that there exists /C(e',M) 
> 4 such that, for /C > K{£',M) there exists s(£',M,/C) > so that for 
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s G (0, s(e', M, K.)) if Q G A(2Ms, Qo) 



£' 



Moreover for Q G A(2Ms,Qo), PA(n(Q)) < C7(n)s-". Thus 
(6.28) if(AQ)<C'(n) 



'c^(A(2Ms,Qo)) 
Therefore (6.27) becomes 

da(Q) 



(6.29) / kA{Q)mh 



Since a; G A(X){da)^ there exists 7 G (0, 1) such that 

.;(A(2M«,go)) -^U(A(2M.,go))J " ^"^^ 
Combining (6.29) and (6.30) we obtain 

Jt{Ms,Qo) \Q - AY" 

Choosing e' > so that {e'y < e, we have that 

jT{Ms,Qo) IQ-^r 

We now look at the expression in (6.20). Using (6.28) we have 

(6.31) / m)k\m{Q - A nm\d<y{Q) 

< C{n)Ms [ {K{A,Q)h{Q)fda{Q) 

Jt{Ms,Qo) 

since \ogh G \M.O{da), h?da G Aoo{da) (see [GCRdF]), and there exists 
7' > such that 



(6.32) / h^da < C{ h^da 



a{F{MsM) 

t{Ms,Qq)" - - \^7a(2Ms,o„) ""y Vo-(A(2Ms,Qo)) 
< de-^'l^+e'y' [ h^da. 

Ja{2Ms,Qo) 
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Moreover our choice of 5i > insures that that 
(6.33) 

/' h\Q)da{Q) < Aa{A{2Ms, Qo)) ( ...J. ^ [ hda] 

Ja{2Ms,Qo) \(t{A{2Ms,Qo)) Ja{2Ms,Qo) J 

(see note after Corollary 5.2). Combining (6.31), (6.32) and (6.33) we have 

/ ^P{Q)k\iQ)\{Q - A,ltiQ))\daiQ) 

Jt{2Ms,Qo) 

l\f2n 

a[A{2Ms,Qo)) 

Choosing e' > so that {s')'^' < e, we finish the proof of (6.20). In order to 
prove that (6.21) and (6.22) hold, wc first need to estimate \{Il{A{Ms,Qo))y 
n B{2Ms, Qo) n L(M/C.s, Qo)|- Note that 

(UiAiMs, QoW n B{2Ms, Qo) n L{MICs, Qo) 

= B{2Ms, Qo) n L(M/Cs, Qo)\U{A{Ms, Qo)) 

= B{2Ms, Qo) n L(M/Cs, Qo)\n(A(2Ms, Qo)) 

U U{A{2Ms,Qo))\U{A{Ms,Qo)). 

Therefore, since n(A(2Ms, Qo)) C B{2Ms, Qo) n L{MICs, Qo), 

(6.34) I {U{A{Ms, Qo)))^ n B{2Ms, Qo) D L{MICs, Qo) 

< ujn{2Ms)'' - |n(A(2Ms,Qo))| 

+ |n(A(2Ms,Qo))\n(^(Ms,Qo))|. 

Recall that under our hypothesis, is a Rcifcnbcrg fiat domain with vanishing 
constant. Therefore, there exists si(e',M, /C) > such that si{£' ,M,IC) < 
s(e',M,/C), and for s G (0, si(e', M, /C)) 

r(2Ms(l-£')",Qo) C A(2Ms,Qo) cr(2Ms,Qo), 

where r(2Ms,Qo) = {{x,t) : x G L(M/Cs,Qo), \x - Qo\ < 2Ms, \t\ < 2Ms} 
ndO, (see Remark 4.1). Thus, as in Remark 4.1, the inclusions above guarantee 

that 

(6.35) tJ„(2Ms)"(l - e') < |n(A(2Ms, Qo))| < w„(2Ms)". 
Combining (6.34) and (6.35) we have 

(6.36) I {U{AiMs, Qo)))'' n B{2Ms, Qo) n L(M/Cs, Qo)| 

< £'a;„(2Ms)" + \U{J^{Ms,Qo))\ 



440 



CARLOS E. KENIG AND TATIANA TORO 



< eW(2Ms)" + a{F{Ms, Qo)) 

< e'oJni'^MsY + (cie-"2/<5 + e')(^(A(2Ms, Qo)) 

< C{n){e' + Ce-^'^){MsY. 

We now look at 

s / '4){x,(j){x))P\{x)dx 
J {n{A{Ms,QoWnLiM!Cs,Qo) 

< C(n)s-2"+i| {U{A{Ms, Qo))y n B{2Ms, Qo) n L{MICs, Qo) 

< C(n)s-2"+i(£' + Ce-^/'')M"s'* 

< C(n)M"(£' + e-^/^)s-^''-'^\ 

and 



i(n(^(Ms,Qo)))'=nL(M/Cs,Qo) F " ^1 ^ 

< C(n)s-" 



da; 



(n(^(Ms,Qo)))=nL(M/Cs,Qo)nB(2Ms,Qo) 1^: - ^1" ^ 

< C(n)s-"s-"+^| {U{AiMs, Qo)))" n 5(2Ms, Qo) n L(M/Cs, Qo)| 

This finishes the proof of inequalities (6.21) and (6.22). We now look at the 
expressions in inequalities (6.23) and (6.24). Corollary 5.13 guarantees that 



/ m)\k\{Q) - a^Pl{n{Q))\ \{Q-A, l^{Q))\da{Q) 

JA{Ms,Qo) 

< ^e'o? [ Pl{U{Q))\Q - A\da{Q) 

JA(Ms,Qo) 

< C{n)e'Mss-^'^a^\U{A{Ms,Qo))\ 

< C(n)M'*+^e's-("-^\ 

and 

daiQ) 



'il;{Q)\kAiQ) - aPA{U{Q))\- 



da{Q) 



<e'a[ PA{n{Q))- 

< C(n)£'as-"s-("-^)(Ms)" 

< C(n)MVs-(''-^). 

In order to prove (6.25) we use an integration by parts introduced by Jerison 
in [J]. Recall that A = Qo + sli{M]Cs,Qo), where 'n{MKs,Qo) is the unit 
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normal to L{MICs,Qo). If Q G A{Ms,Qo) then Q = x + (p{x)liiMICs,Qo) 
where x G L{M]Cs,Qo). Moreover, 

li{Q) = (l + \V(j){x)\^y^ (V(/>(x),-l) and da{Q) = ^/lV\V^i^dx. 
We now look at 
(6.37) 



/ i;iQ)Pl{U{Q)){Q - A, l^{Q))da{Q) 

JA{Ms,Qo) 

= - I ^{x, </>(x))Pl(x)((x, </>(x)) - (Qo, s)- (-V(/)(x), l))dx 

Ju{A{Ms,Qo)) 

= - I ip{x, (j){x))Pl{x){-{x - Qq, V(t){x)) + (t){x) - s)dx 

Jn(A{Ms,Qo) 

= s / 'il}(x,4>{x))P^(x)dx 
Jl{MK.s,Qo) 

-s ^^J{x,(f){x))P^(x)dx 

J {n{A{Ms,Qo))Yr\L{MKs,Qo) 

- I i^ix, (t){x))Pl{x){(l){x) -{x- Qo, V4>{x)))dx. 

Jn{A(Ms,Qo)) 

Note that (6.21) takes care of the second term. We look carefully at the 

last term. Recall that sup|(/)| < 2e'Ms, and that sup|(/)| < 

n(A{Ms,Qo)) B{2Ms,Qo)nL(MK.s,Qo) 

C{e' + S)Ms. Thus 



/ ip{x,(p{x))P^{x)(l){x)dx 
Ju{AiMs,Qo)) 



< C{n)M'^+'e's 



(6.38) 
and 

(6.39) / ij{x,(j){x))Pl{x){x - QQ,V^{x))dx 

Jn(A(Ms,Qo)) 

'4){x, <t){x))P\{x){x - Qo, V(t){x))dx 



n+lj-{n-l) 



IL{MK.s,Qo) 

- I ^{x,(j){x))Pl{x){x - Qo,V(l){x))dx. 

J{n{A(Ms,QoWnL{MKs,Qo) 
Note that (6.21) guarantees that 

(6.40) 



/ i^{x,(p{x))Pl{x){x-Qo,V<p{x))dx 

J{n{A(Ms,QoWnL{MKs,Qo) 

<C{n)Ms [ '4j{x,(j){x))Pl{x)dx 

J(n(A(Ms.Qn])YnL(MK:s,Qn) 



l{U{A{Ms,QoWnL{MKs,Qo) 

< C(n)M"+i(e-^/'^ + £)s-("-^). 
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We now estimate the remaining term 

(6.41) / i,{x,(f){x))Pl{x){x-Qo,V(l)ix))dx 

Jl(MKs,Qo) 



L{MK.s,Qo) 



L 
-L 
-L 



d.\Y{(f>{x)ip{x,(t){x))P\{x){x — Qo))dx 



L{MKs,Qo) 



^(x))P|(x) div(x — Qo)dx 



L{MKs,Qo) 



(P{x){x - Qo, VPl{x))i;{x, <p{x))dx 



(i){x)Pl{x){x - Qo, Vtpix, 4){x)))dx. 

L{MKs,Qo) 

Since V G C^{B(2Ms, Qo)) the first term is 0. Using (6.18) and (6.36) we can 
control the second term as follows: 



(6.42) 



L{MKs,Qo) 

< (n + 1) 

< (n + 1) 



{x)il^{x, (f){x))P^{x) div{x — Qo)dx 



L{MKs,Qo) 



</.(x)Pl(x)V'(x,0(x)) 



ln{A{Ms,Qo)) 

+ C{n)Ms 



(l)ix)Pl{x)ij{x,(t>{x)) 



P^{x)tp{x, 4>{x))dx 

{n{A{Ms,Qo))Yr\L{MKs,QQ) 

<C{n)e'Ms I p1(x)V'(x, (/)(x)) 

Jn{A{Ms,Qo)) 

+ C(n)M"+^(e-^/^ + e')s"^""^^ 
< (7(n)M'*+He-^/'^ + £')s"^""^^- 
Combining (6.18), (6.36) and the fact that \VPa{x)\ < C(n)s-"-^ we have 
(6.43) 



/ ^{x)2Pa{x){x - Qo,VPA{x))^{x,(l){x))dx 

Jl{MKs,Qo) 



< 2 



+ 



U{A(Ms,Qo)) 
C(n)M^s'^ f 

Jo 



(I){x)Pa(x){x - Qo,VPAix))tp{x,(f){x))dx 



(n{A(,Ms,QoWnL{MKs,Qo) 



PAix)\VPA{x)\i;{x,(j){x))dx 
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< C{n)e'M^s'^ [ PA{x)\VPA{x)\^{x,(p{x))dx 

Ju{AiMs,Qo)) 



+ C(n)M^s^s-"s-"-^| {n{A{Ms, QoW n B{2Ms, Qo) n L(M/Cs, Qo) 
< C(n)M"+2(e-^/^ + £')s"^""^^- 
Combining (6.18), (6.36) and the fact that |VV'| < Cs~^ we obtain 
(6.44) 



L{MKs,Qo) 



4>{x)Pl{x){x - Qo, V^Pix, 4>{x)))dx 



< 



n(AiMs,Qo)) 



(j){x)Plix){x - Qo, Vipix, (j){x)))dx 



+ C{n)M^s'^ f 



Pl(x)|V^(x,0(x))|dx 



U{A{Ms,Qo))''nL(MKs,Qo) 

<C{n)e'M'^s^ [ Pl{x)\V'il;{x,(t){x))\dx 

Jn{A{Ms,Qo)) 

+ C(n)M2s2-2«"i| {Il{A{Ms, Qo))f n B{2Ms, Qo) n L(M/Cs, Qo)\ 

< C(n)M"+2(e-^/'5 + s')s-^''-^\ 

Combining (6.21), (6.37), (6.38), (6.39), (6.40), (6.41), (6.42), (6.43) and (6.44) 
we conclude that 

/ ^PiQ)Pl{^iQ)){Q - A, lt{Q))da{Q) 

JA{Ms,Qo) 



JL[ 



-s I 'ip(x,4>{x))Pj<^^{x)dx 
IL{MKs,Qo) 



< C(n)M"+2(e-^/'^ + £')s"^"~^^- 
In order to prove (6.26) we look at 
(6.45) 

V'(Q) 



/ P^(n(Q)) ^^^^^_^ dcT(Q) 

Ja{ms,qo) \Q - 

-L 



For Q G A{Ms, Qo), Q = x + (t){x)'n{MlCs, Qo), x G U{A{Ms, Qo)). Thus 
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\{x,4>{x)) - A\"'-'^ \x-A\ 



n— 1 



X- - \{x,(l){x)) - A\ 
|(x,0(a;)) - 



n-l\ 



n-l 



< C(n) 



\(j)ix)\{\x - AY"-^ + |(x, - 



|(x, ^(x)) - A|'*-i|x - A\^-'^ 



< 



C7(n)|0(x)||. 



+ 



x-A\\{x,(p{x))-A\^-^ \{x,(l){x))-A\\x-A\^-^}' 

Note that for x G n(^(Ms,Qo)), |</'(a;)| < e'Ms; therefore, provided that 
e'M < 1/4, we have that |(x, ^(x)) - A\ > |s. 



(6.46) 



< C{n)Me's 



'.-(n-i) 



|(x,0(x)) - |x-^|"-i 
Combining (6.45) and (6.46) we have 

/ Pa{U{Q)) '''^f da{Q)- 

UiMs,Qo) \Q - 



n(^(Ms,(3o)) F - ^ 



(6.47) 



< C(n)M£'s-("-^) / Pa{x)^{x,(I){x))Ji + \V(t){x)\'^dx 

JuiAiMs,Qo)) ^ 

< C(n)M"+ie's-('^-^). 
On the other hand 

V'(x,(/)(x)) 



(6.48) / Pa{x 

Jn{A{Ms,Qo)) \x - A\ 



^^l + |V<^(x)|2dx 



Pa(x) 



/ 



Uix,<p(x)) 



^(^) | '^n-l V^ + |V<^(a;)|2dx. 

Therefore combining (6.47), (6.48) and (6.22) we obtain 
Pa{U{Q)) "^^f da{Q) 

lA{Ms,Qo) IQ-^r 



-L 



ip{x,(f){x)) 



PAix) y '\ \ l + |V(/>(x)|2dx 

< C(n)M"+i(£' + e-^/'^)s-("-^). 

Choosing (e')'^ < e, e' < e, and e'M < 1/4 we conclude the proof of Theo- 
rem 6.1. □ 
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Theorem 6.2. Let Q, be a {di,oo)-chord arc domain. There exists 
Sq G (0, 6n) such that if is a S-Semmes decomposable domain with S G 
(0, (5o), if uj is asymptotically optimally doubling, and if log h £ YM.O(da), 
for each compact set K C R"'^"'^ the following statement is true: Given e > 
and rj > 0, there exists M{rj) > 1 such that, for M > M(r]) there exists 
/C(e, M) > 4 so that, for IC > /C(e, M) there is s{e, rj, M,K,) > such that, for 
every s G (0,s(e,77,M,/C)), Qq £ dVlf) K, and every ip G C^{B{2Ms,Qo)), 
< ip < 1 and ip = 1 on B{Ms,Qo), if II denotes the orthogonal projection 
onto L{MK,s, Qq) then 

da{Q) 



(6.49) 



PA(n(Q))v(g)|„ 



^|n-l 

On Jdil 

< (C(n) Af (e + e-^/^) + t?)^-^"-^) , 
where a = cj„(2Ms)"/cr(A(2Ms, Qo))- 

Proof. Let e' = e'(e) > and rj' = rf(rj) > 0, to be chosen. Choose 
M{r]') > 1 so that (6.17) holds (for M > M{r]') and s > 0), with t]' instead of 
77. For M > M{r]'), there exists IC{e',M) > 4 so that for /C > /C(e',M) there 
is s{e',ri',M,]C) G (0, s(V)) so that Theorem 6.1 holds. Then, when a > 1/2, 



/ 

Jan 



Pa{U{Q))^P{Q) 



da{Q) 



a 



\Q-A\n- 



< 2 



^^«P.(n(g))^(Q)|^_^l„_ 



- — / i;{Q)PiiU{Q)){Q - A, lt{Q))da{Q) 
da{Q) 



-— / ^l;{Q)Pl{Il{Q)){Q - A,lt{Q))da{Q) 



< 2 



(kAiQ) - aPA{U{Q)))i;{Q) 
an \Q 



da{Q) 



+ 2 



Jan \Q - 



da{Q) 



1 



an 



2 

+ — 

0"n 



an 



\Q-A\^-^ 
{k\ - a^Pl{Jl{Q))){Q - A,l^{Q))da{Q) 



k\'4){Q){Q - A,l^{Q))da{Q) 



To estimate the first term we combine (6.19), (6.22) and (6.24): 

da{Q) 



(6.50) 



{kA{Q)-aPA{Jl{Qm{Q)]n 

an \Q 



A 



n-l 



< 



L 



A{Ms,Qo) 



\kA{Q)-aPA{UiQ))\i^{Q) 



da{Q) 
|Q-A|"-i 
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+ / \kA{Q) - aPA{U{Q))\i^iQ) 



da{Q) 



|Q-A|"-i 



To estimate the third term we combine (6.20), (6.21) and (6.23): 



(6.51) / {kl 
Jan 



■I - a^Pl{Yl{Q))){Q - A, lt{Q))da{Q) 



< [ \k\{Q)-a^PliU{Q))\\{Q-A,ltiQ))da{Q) 



JA{Ms,Qo) 



+ [ \k\{Q)-a^PliUiQ))\\Q-A\daiQ) 



JriMs,Qa) 



< C(n)M"(e-^/'5 + £')s"^""^^- 



Combining (6.17), (6.50) and (6.51) we conclude that as long as e' = e and 



Corollary 6.4. Let Q be a {6i,oo)-chord arc domain. There exists 
6o G {0,5n) such that if is a 6-Semmes decomposable domain, with 6 G 
(0, (5o), if CO is asymptotically optimally doubling, and if log h G VMO(c/cr), for 
each compact set K C R""'""^ the following statement is true: Given e > 
and rj > 0, there exists M{ri) > 1 such that, for M > M{ri) there exists 
IC{e,M) > 4 so that, for IC > lC{e,M) there is s{e,r],M,lC) > such that for 
every s G (0, s(e, ry, M, /C)), and Qq G dQ PI K, there exist an n-dimensional 
plane L{MK.s, Qq) containing Qq and a Lipschitz function (f) : L{MKs, Qq) 
R such that, for every ijj G C^{B{2Ms,Qo)), < < I and tp = I on 
B{Ms,Qo), ifn denotes the orthogonal projection onto L(MICs,Qo) then 



< (C(n)A/"+2(e + e-^/^) + 7j)s-'-''-'^\ 
where a = w„(2Ms)"/(7(A(2Ms, Qo))- 

Proof. Assume that given e > and rj > 0, M{rj) > 1, IC{e,M) > 4 for 
M > M{ri), and s{e,ri,M,K,) for /C > K{e,M), have been chosen, so that 
Theorem 6.1 and Theorem 6.2 hold. Then 



ri' = ri/4, (6.49) holds. 



□ 



(6.52) 
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a 



On JL{MKs,Qo) 



sip{x, (l){x))P'^{x)dx 



L{MKs,Qo) 



< 



a 



an 



L 



L{MKs,Qo) 



sip{x, (f>{x))P\{x)dx 



+ 



a 



V(Q)Pl(n(Q))(Q - A, lt{Q))da{Q) 

A{Ms,Qo) 

i^{Q)Pl{Ii{Q)){Q - A, lt{Q))da{Q) 



JA{Ms,Qo) 



L 



A{Ms,Qo) 



A{Ms,Qq) \Q - A\^ 



L(MK.s,Qo) 



The first and the third terms are controlled by (6.25) and (6.26) respectively. 
We now focus on the second term 



(6.53) 



— / i;{Q)Pl{U{Q)){Q - A, lt{Q))da{Q) 



I p^(n(Q))— ^^M^da(g) 

da{Q) 



< 



^^PAuiQmQ)-^_^^^_^ 



-— ( xl,{Q)Pl{Jl{Q)){Q-A,lt{Q))da{Q) 
+ — [ i;{Q)Pl{U{Q))\{Q-A,l^{Q))\daiQ) 



+ 



p^(n(g)) ^^^^„_^ da(Q). 



Note that the first term in (6.53) is controlled by (6.49). Moreover, our choice 
of A guarantees that, for Q G J^{Ms,Qq), ^ < |Q - ^| < 2Ms (see (5.12)); 
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therefore 



(6.54) / ^l;{Q)Pl{U{Q))\Q - A\da{Q) 



lr{Ms,Qo) 

Combining (6.49), (6.53) and (6.54) we conclude that (6.52) holds. □ 
Remark 6.1. Note that sup < (by our choice of 

B(2Ms,Qo)nL{MKs,Qo) 
£ > and (5o > 0). Therefore, an argument similar to the one presented in the 
proof of Corollaries 6.2 and 6.3 guarantees that, for > there exists M{ri) > 
such that, for M > M{r)), s > 0, and V e C^{B{2Ms,Qo)), < V < 1 and 
= 1 on B{Ms,Qo), 

f Pa(x) 1 f 

/ V(a;,</>(x))i TuTZidx / sPl{x)ijj{x,4>{x))dx 

Jl{MK.s,Qo) \x - ^ an Jl{MKs,Qo) 

Combining Corollary 6.4 and Remark 6.1, we conclude that: 



Corollary 6.5. Let be a {6i,oo)-chord arc domain. There exists 
Sq G (0, 5n) such that ifQ is a 5-Semmes decomposable domain with 5 G (0, Sq), 
if to is asymptotically optimally doubling, and iflogh G VMO(da), for each 
compact set K C R""*"^ the following statement is true: Given £ > and 
ri > 0, there exists M{ri) > 1 such that, for M > M{r]) there exists lC{e, M) 
> 4 so that, for K, > /C(e, Af) there is s{e,r], M,}C) > such that, for every 
s G {0, s{e,r], M,IC)), and Qq G dQ H K, there exist an n- dimensional plane 
L{MK,s,Qo) containing Qq and a Lipschitz function cp : L{MK,s,Qo) R 
such that for everytp G C^{B(2Ms,Qo)), < tp < 1 andtp = 1 onB{Ms,Qo), 
ifH denotes the orthogonal projection onto L{M)Cs,Qo) then 

< C(n)M"+2(e-^/'5 + £)s-("-i) + ?7s-("-^\ 

where 

LjJ2Msr 

OL = 

(7(A(2Ms,Qo)) 
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Remark 6.2. Note that since lo is asymptotically optimally doubling, and 
O is a Reifenberg fiat domain, Theorem 3.4 guarantees that H is a Reifenberg 
fiat domain with vanishing constant. Therefore given /? > and K C R""*"^ a 
compact set, there exists r(/3) > such that, for r G (0,r(/3)) and Q & dilOK 

(6.55) a{B{r,Q))>j^cVnr'' 

(see Remark 4.1). Hence, if 2Ms G (0,r(/3)), q < 1 + /3. 

Corollary 6.6. Let Q be a {6i, oo)-chord arc domain. There exists 
6o G (0, 6n) such that, if Q, is a 6-Semmes decomposable domain with 5 G 
(0, (5o), if Lu is asymptotically optimally doubling, and if log h G YMO{da), for 
each compact set K C R""*"^ the following statement is true: Given e > 
and rj > 0, there exists M{rj) > 1 such that, for M > M{r]) there exists 
s{e,r],M) > such that, for every s G {0, s{e,r], M)), and Qq G dQCiK, there 
exists 'n{s,Qo) = 'n{e,r],M,s,Qo) G S" such that 

..J n ^^ / \l^-l^{s,Qo)\'da<Cin)M^+\e-<'/' + s)+r,. 

a{A{2s,Qo)) Ja{2s,Qo) 

Proof. Fix e' = e'(e) > 0, and rj' = rj' {rj) > 0, to be chosen. Let 
M(r?') > 1, lC{e',M) > 4, for M > M{ij') and s{e' ,r]' ,M,lC{e' ,M)) > be 
such that Corollary 6.5 and (6.55) are satisfied for s G (0, s{£' , r( , M, ]C{e',M))) 
> and (3 = e' . Let (s, Qq) = 'ri{MIC{e' , M)s, Qq) be the unit normal vec- 
tor to L{MIC{e',M)s,Qo). Since Corollary 6.5 holds if ^ G C^{B{2Ms,Qo)), 
< < 1 and = 1 on B{Ms, Qo), 

^{x, m) J^^^h (a - ^l + \Vm?)dx 

L(MIC(e',M)s,Qo} F - 

Now (6.55) implies that a < 1 + e'. In particular 

(6.56) / ^Pix, 0(^))_^i^(0T^^ - (1 + e'))dx 

JL{MK.{e',M)s,Qo) F " ^1 

J L{MK.{e' ,M)s,Qo) \x - ^ * 

< C(n)M"+2(e-^/'^ + £')s~^"~^^ + n' s~^''~'^^ ■ 

Thus 

< C(n)M"+2(e-^/'^ + £')s"^"~^^ + r/'s-^""^) 
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Jl{MK.{£',M)s,Qo) \x - ^ 

< C{n)M''+^{e-'^/^ + e')s-^''-'^^ + r{ s'^^'-^y 

Note that 

where 'ri(x,d>(x)) = ("^"^W'^) _ Moreover, 
(6.58) 

/ ^P{x, 0(x)) ^^^^_^ (^l + |V</)(x)P - 

Jl{MIC{£,M)s,Qo) \x - ^ V 

2 Jl{mk.{£,m)s,Qo) \x - A\^ 

X + |V(?!)(a;)|2|^(a;, <t){x)) - 'n{s, Qo)\'^dx 

2 yn(A(2s,Qo)) F - 
> / |Tr(g)-n^(s,Qo)pcia(g) 

S^" ^ JA(2s,Qo)ngraph^ 

where 'n{Q) denotes the unit normal to graph Combining (6.57) and (6.58) 
we have that 

\ I \lt{Q)-ltMQ)\''da{Q) < c(n)M"+2(e-^/^+£')+C(n)r?'. 

yA(2s,Qo)ngraph</> 

Since A{Ms,Qo) C graph 0, our choice of orientation guarantees that the 
unit normal to the boundary and the unit normal to graph coincide on 
A{Ms,Qo). Therefore, 

^[ \lt{Q)-^{s,Qo)fda{Q) 

S"" Ja{2s,Qq) 



S ./A(2s,Qo)ngraph<^ 

+ \f \lt{Q)-l^{s,QotdcT{Q) 

Jt{Ms,Qq) 

< C(n)M"+2(e-^/'^ + e') + C{n)ri'. 
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Choosing e' = e and rj' = r]/2C{n), we conclude that 
..J n ^^ / \l^{Q)-l^{s,Qo)\'da{Q) < C{n)M^+\e-^/' + e) + v. 

cr(A(2s,Qo)) JA(2s,Qo) 

□ 



Proof of the Main Lemma. Let be a {6i, (X))-chord arc domain. Assume 
that uj is asymptoticahy optimahy doubhng and that log/i G VMO(d(j). Let 
So > 0, and (5 G (0, (5o). Assume that for each compact set K C R""*"^ there 
exists R> such that 

sup \\limB{R,Q)) <d. 
QeKndn 

In this case O is \/^-Semmes decomposable (see Theorem 4.1). In particular, 

Corollary 6.6 holds for e = e"^/^, = 6^ and M > M{-q) = (^) 
Note that this condition on M comes from the proofs of Lemma 6.1 and Lemma 
6.2 (see inequalities (6.9) and (6.16)). For (5 > small enough we can choose 
M = 5~^. Then, Corollary 6.6 guarantees that, for each compact set K C 
R""*"^, there exists r{R,S) > such that, 

sup \\limB{r,Q)) < C{n)M'^e-''/'^ + 
QednnK 

< C(n)r2("+2)e-'=^ + (52. 
Choose (5o > small enough so that, for S < 6o 

C(n)(5-^("+2)e-^/^ < 52 < Is. 

We conclude that there exists So{n) > so that, if (5 G (0, Sq), for each compact 
set K C R"+\ there exists i? > so that if 

sup \\li\\^{B{R,Q)) <S 

QeKndn 

then there exists r > for which 

sup \\'n\\*{B{r,Q)) <l-S. 
Q&dfinK ^ □ 



The main theorem as well as Theorems 5.3 and 5.4 have quantitative ver- 
sions. Their proofs follow the exact same lines and require careful accounting 
of the constants. In order to be able to state the quantitative results we need 
one last definition. 
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Definition 6.1. Let be a (5-chord arc domain. When / G Lf^^{da), we 
say that / G BMO{dU) if for each compact set K C R^^^ there exists R> 
such that 

sup <oo 
QedCinK 

where 

\\fUB{R,Q))=( sup / / |/-/,,Qpdc7y. 

For e > and / G BMO(3r2), we say that ||/||* < e, if for each compact set 
K C there exists > such that 

sup \\f\UB{R,Q))<e. 

Theorem 6.3. Let Q C R"+^ be a {Si,oo)-chord arc domain. There 
exists 6 = d{n) > so that if Q, is a d-chord arc domain, then given e > 0, 
there exists rj > such that, if lo is rj- approximately optimally doubling and 
||log/i||* < T], then ll^ll* < £■ Here u) denotes the harmonic measure either 
with pole at infinity or with finite pole inVL, h = ^ denotes its Poisson kernel, 
and Ti denotes the unit normal vector to dO,. 

Theorem 6.4. There exists 5 = d(n) > so that if ^ is a bounded 
6-chord arc domain and X £ Q, then given e > 0, there exists rj > 0, such 
that, if ui^ is r]- approximately optimally doubling, and \\\ogkx\\* < ?7, then 
II* < e. 
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